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Abstract. We define and study the structure of SUSY Lie conformal and 
vertex algebras. This loads to effective rules for computations with superfields. 
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1. Introduction 

1.1. Vertex algebras were introduced about 20 years ago by Borchcrds [Bor86]. 
They provide a rigorous definition of the chiral part of 2-dimcnsional conformal 
field theory, intensively studied by physicists. Since then, they have had important 
applications to string theory and conformal field theory, and to mathematics, by 
providing tools to study the most interesting representations of infinite dimensional 
Lie algebras. Since their appearance, they have been extensively studied in many 
papers and books (for the latter we refer to [FLM88], [FHL93], [Kac96], [Hua97], 
[FBZ01], [BD04]). 

1.2. The purpose of the present paper is to define and study the structure of su- 
persymmetric (SUSY) vertex algebras. This theory encompasses the formalism of 
superfields extensively used by physicists (see eg. [Coh87], [DRS90] and references 
therein) . 

Recall [Kac96] that a vertex algebra (V, |0), T, Y) is a vector superspace V (space 
of states) with an even vector |0) (vacuum vector), an even endomorphism T (trans- 
lation operator), and a parity preserving bilinear product with values in Laurent 
series in an indeterminate z over V: 

V ® V -* V((z)), a®b^ Y{a, z)b = ^(a ( „ ) 6)z- 1 ~", 
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subject to the following axioms (a, b G V): 

• (vacuum axioms) Y(a, z)|0)| 2= o = a, T|0) = 0, 

• (translation invariancc) [T, Y(a,z)] — d z Y(a,z), 

• (locality) (z- w) N [Y(a,z),Y(b,w)] = for some N G Z+. 

The vertex algebras which arise in conformal field theory carry a conformal vector 
v G V, so that the coefficients of the corresponding field 

(1.2.1) Y(v,z)=L(z) = Y d L n i 

satisfy the Virasoro commutation relations 



-2-n 



(1.2.2) [L rn , L n ] = (m - n)L rn+n + <5„ 



m 
-c, 



12 

where c € C is the central charge, and also the following two properties hold: 

(1.2.3) L-i=T, 

• Lq is diagonalizablc on V with eigenvalues bounded below. 

Sometimes, such a vertex algebra V (called conformal) admits a "supersymmetry" , 
namely, V carries a superconformal vector r, such that the corresponding field 



(1.2.4) Y(t,z) = G(z)= G n 

nei+Z 



-3/2-n 



satisfies the following properties: 

(1) y = \G_\jiT is a conformal vector with central charge c; 

(2) the operators G n (n G 1/2 + Z) along with the Virasoro operators L n 
(n G Z), appearing in L(z) = Y(i>, z), form the Neveu-Schwarz algebra 
with central charge c, namely, along with the Virasoro relations (1.2.2), the 
following commutation relations hold: 

(1.2.5) 

[G rn , L n ] = {^rn — — ^ G m +„, [G m , G n ] — 2L m + n + — (^rn 2 — — J 5 m> — n . 

Then V is called called an JV = 1 superconformal vertex algebra. In particular, 
we then can obtain an enhanced translation invariance property as follows. Let 



S = G_i/2, let 9 be an odd indeterminate, commuting with z: 9 = 0, 9 
and to each a € V associate a superfield: 

(1.2.6) Y(a, z, 9) = Y{a, z) + 9Y(Sa, z). 

Then one can show, using the so called commutator formula, that 

(1.2.7) [S, Y(a, z, 9)} = (d e - 9d z )(a, z, 9). 
Since, by the second formula in (1.2.5) and (1.2.3), we have 

(1.2.8) S 2 =T, 

formula (1.2.7) implies the usual translation invariancc [T, V(a, z, 9)] = d z Y(a, z, I 
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This leads to the following definition of an Nk = 1 SUSY vertex algebra (V, |0), 
S, Y), where S is an odd endomorphism of the space of states V, and Y is a parity 
preserving bilinear product with values in V((z))[0]: 

V ® V -► V((z))[0], a ® b h-> Y{a, z, 9)b = ^ ^-^-^"o^b, 

i=0,l 

subject to the following axioms: 

• (vacuum axioms) Y(a, z, 9)\0) | z=0 ,e=o = a, S\0) = 0, 

• (translation invariancc) [S, Y(a, z, 9)] = (do — 9d z )Y(a, z, 9), 

• (locality) (z - w) N [Y(a, z, 6), Y(b, w, ()] = for some N G Z+. 

This SUSY vertex algebra is called conformal if there exists an odd vector r £ V, 
such that 

Y{t,z,6) = G(z) + 29L(z), 

and such that the coefficients of the expansions of these fields as in (1.2.1) and 
(1.2.4), satisfy the commutation relations (1-2.2) and (1.2.5) of the Neveu-Schwarz 
algebra, S = G_i/2 and Lq is diagonalizable with eigenvalues bounded below. 

Of course, a SUSY vertex algebra (V, |0), S, Y(a, z, 9)) gives rise to an ordinary 
vertex algebra (V, |0), T = S 2 , Y(a, z) = Y(a, z, 0)), and a superconformal vector r 
gives rise to a conformal vector v = ^St. However, computations with supcrficlds 
are much more effective than with the ordinary fields. 

1.3. Now, the Neveu-Schwarz is the simplest, after Virasoro, among the supercon- 
formal Lie algebras. A superconformal Lie algebra is a pair (j£?, J*"), where J£ is a 
Lie supcralgebra and 



is a finite family of formal distributions whose coefficients a l n span _£f , satisfying 
the following properties: 

(1) & contains a Virasoro formal distribution L(z) = J^nez, L n z~ 2 ~ n , such 
that [L_i,a 4 (z)] = d z a l {z); 

(2) the formal distributions a l (z) are pairwise local: (z — w) N [a z (z), a J (i(j)] = 
for some N E Z + , or, equivalcntly: 

JV-l 

[a\z),a^w)] = ^2^Md s w S(z 7 w) 

s=0 

for some formal distributions c l s J (z); 

(3) cf( Z )6C[S z ]#; 

(4) «Sf is a non-split central extension of an almost simple Lie supcralgebra S£ 
(i.e. all non-zero ideals of Jz? contain its derived subalgebra J2?'). 

1.4. A complete list of centerless superconformal Lie algebras consists of four se- 
ries (N e Z+): W(1\N), S(l\N+2;a), S(l\N + 2), K(1\N), and two exceptions 
K(l\4)' and CK(l\6) (see [FK02]). Here W(1\N) denotes the Lie superalgebra of 
all derivations of C[z, 1 , . . . , 9 N ], where z is an even indeterminate and 9 l, s are 
odd anticommuting indctcrminates, commuting with z (in particular, W(1|0) is the 
centerless Virasoro algebra). The Lie superalgebras S(l\N;a) and 5(1 1 AT) (resp. 
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K(l\N)) are subalgebras of W(l|iV) consisting of vector fields, annihilating cer- 
tain supervolume forms (resp. preserving the super-contact form 1 dz + X};=i 6 l dO l , 
up to multiplication by a function), if(l|4)' is the derived algebra of K (1|4), and 
CK(\\Q) is a certain subalgebra of if(l|6). The only algebras on the list that admit 
a central extension are W(1\N) with N < 1, S{l\2;a), S(l\2), K(l\N) with TV < 4 
and K(l\4)' (sec [KvdL89] and [FK02]). Note that the Ncvcu-Schwarz algebra is a 
central extension of i^(l|l). 

The subalgebra Jzf< = spanjajji G I, n > 0} is called the annihilation subalgebra 
of ££ . The reason for this name comes from the fact that the space 

(1.4.1) V(Jf) = U(Sf)/U(&)&<, 

where U (Jz? ) denotes the universal enveloping superalgebra of Jz? , carries a canonical 
structure of a vertex algebra, called the universal enveloping vertex algebra of Jzf , 
where |0) is the image of 1, T is induced by L—i, and the image of & is contained 
in the space of fields of V{££\ so that »§f<|0) = 0. 

In all cases the subalgebra ££< consists of all vector fields of which are regular 
at the origin. Denote by Jz?< the subalgebra of Jzf<, consisting of vector fields, which 
vanish at the origin. Then in all cases we can find a complementary subalgebra „£?tr 
(the "translation" subalgebra) 

(1.4.2) i?< =„Sf tr ©„Sf<. 

In the cases W and S one can choose Jz?tr = span c {<9 z , dgi, . . . , dgN}. However, in 
the remaining cases the simplest choice is 

JSfti = span c {<9j, dgi - 9 1 d z , . . . , d 6 N - 8 N d z }. 

Denote these Lie supcralgebras by W tI and K tr respectively, and by J?\y (resp. 
M'k) the universal enveloping superalgebra of Wt r (resp. K tr ). It is an associative 
algebra on one even generator T and N odd generators S z , subject to the relations: 

[T, S' 1 } = 0, [S\ S j ] = 0(resp. = 26 id T). 

Note that the operators T and S of an Nk = 1 SUSY vertex algebra define a 
representation of the associative superalgebra M'k for TV = 1 (see 1.2.8). 

This leads to the definition of an Nw (resp. Nk) = N SUSY vertex algebra as 
a J^w (resp. M'k )-module V with the vacuum vector |0) and a parity preserving 
bilinear product with values in U((z))[# l , . . . ,8 N ], 

a(g)b^Y(a,z,6\...,6 N ) = J ° z-^a^b, 

where J runs over all ordered subsets of {1, . . . , N}, J c denotes the ordered com- 
plement of J in {1, . . . , N} and 9 J = 9 jl . . . 9 jk for J = {ji, . . . ,jk}, subject to 
the vacuum, translation invariance and locality axioms. The vacuum and locality 
axioms generalize in the obvious way; translation invariance means the following: 

[T,Y(a,z,9)]=d,Y(a,z,6), 

[S\ Y(a, z, 9)] = d e ,Y{a, z, 9) in the N w = N case, 

[S\ Y(a, z, 9)] = (dgi - 9 l d z )Y{a, z, 9) in the N K = N case. 



Here and further we use the sign convention of [DM99], which differs from the one used in 
[KvdL89] and[FK02]. The main difference is that the dc Rham differential d is an even derivation. 
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1.5. Given a superconformal Lie algebra Jzf, and a decomposition (1.4.2) of its 
annihilation subalgebra, such that _£t r ~ Wn (resp. ~ K tr ), we define an Jzf- 
conformal Nyy (resp. Nk) = N SUSY vertex algebra V by the property that V 
carries a representation of Jzf such that the representation of U (Jzft r ) coincides with 
that of J#w (resp. J#k ) , the formal distributions of Jzf are represented by fields of V, 
and Lq is diagonalizablc with eigenvalues bounded below. The "minimal" example 
of an Jzf-supcrconformal vertex algebra is V(Jzf), given by (1.4.1), or l/ c (Jzf) = 
V(3?)/(C - cl)V(3f) in the case J*f has a central element C, called the SUSY 
Virasoro vertex algebra associated to Jzf . 

1.6. We develop the structure theory of SUSY vertex algebras along the lines of 
[Kac96]. 

First, we develop the calculus of formal superdistributions. As usual, the key 
role is played by the formal super delta-function 

(1.6.1) 5(Z, W) = (9 1 - C 1 ) . . . (9 N - ( N )(i z , w - i w , z )—, 

z — w 

where Z = (z, 6 1 , . . . , 9 ), W — (w, C 1 , . . . , ( N ), an d iz,w signifies the expansion in 
the domain \z\ > \w\. The key result is the decomposition formula of a local formal 
superdistribution: 

(1.6.2) a(Z,W)= £ d$ J) 6(Z,W) CjlJ (W), 

j>0,J 

where 

(1.6.3) c,\j(W) = res z (Z - W)^ J a(Z, W), 

and resz stands for the coefficient of 9 1 . . . 6 N z~ x . There are actually two cases, W 
and K, of this formula, depending on the choice of di)f in (1.6.2) and the respective 
choice of (Z - W) j \ J in (1.6.3). 
We let for J = {j 1 < ■ ■ ■ < j s }: 

&w = d 3 w d 8 ji . . . dgj,, in case W, 

d°W = d l ( d en + & 1 d w )... {dgu + 9^ d w ) in case K, 

and in both cases we let d^)^ = (— l^\ J \(\ J \+ 1 )/ 2 ^ J / j\. (The second choice will be 
denoted by Dyf ■) Respectively, we let 

(Z - W) jlJ = (z- w) j (9 11 - C, n ) . . . (9 j ° - ( is ) in case W, 

(Z - Wy lJ = (z - w - - C J1 ) • ■ • - C js ) in case K. 

1.7. Next, the formal Fourier transform is defined by 

&£ iW a(Z, W) = res z exp((Z - W)A)a(Z, W), 

where A = (A, x 1 > ■ ■ ■ > X N )i ^ 1S an even indeterminate, x"s are odd indeterminates, 
commuting with A and satisfying the following commutation relations: 

X l X J +X J X l =0 in case W, 

XV + X J X l = -2S itj X in case K. 
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Defining the A-bracket 

[a(W) A b(W)] = ^ w [a(Z),b(W)} 

of formal superdistributions, we arrive at the notion of the Nw (resp. Nk)= N 
SUSY Lie conformal algebra which, as usual, encodes the singular part of the 
operator product expansion (OPE) of a local pair of supcrficlds. The case N = 
is that of an ordinary Lie conformal supcralgcbra [Kac96] . 

The new phenomenon for N > is that the A-bracket has parity N mod 2. 
Consequently, the bracket [aA&]|A=o induces on M/(T& + ^\ S l M) a structure of 
a Lie superalgebra of parity N mod 2. 

On the other hand, the structure of a SUSY Lie conformal algebra is an important 
part of the structure of a SUSY vertex algebra. As in the case of vertex algebras, 
the only missing ingredient is the normally ordered product of supcrficlds, which is 
defined as usual: 

: a(Z)b(Z) := a+(Z)b(Z) + (-l)^ (b) &(Z)a_(Z), 
where for a superfield a(Z) = J^nez / " ~™ a H J) we ^ 

a-(Z) = °'' € 2~ 1_ "aH,/), a+(Z) = a(Z) - a-(Z). 

n>0 

We prove that the non-commutative Wick formula, which allows to compute the 
singular part of the OPE for normally ordered products, generalizes to the SUSY 
Nw = N and Nk = N cases almost verbatim: 

,A 

(1.7.1) [oa : be :] =: [a A b]c : +(-l)P( a )+ N ) b : b[a A c\ : + / [[a A b] r c}dT. 

Jo 

Furthermore, we show that the uniqueness and existence theorems, as well as all 
basic identities for vertex algebras, extend to the SUSY case with minor modifi- 
cation of signs. In particular, we show that a Nw (resp. Nk) = N SUSY vertex 
algebra is a Nw (resp. Nk)= N SUSY Lie conformal algebra with the A bracket: 

[a A b] = resz e AZ Y(a, Z)b, 

together with a unital, "quasicommuitative" and "quasiassociativc" differential su- 
pcralgcbra structure ::, which are related by formula (1.7.1). This is an equivalent 
definition of a SUSY vertex algebra, analogous to the one given in [BK03] for ver- 
tex algebras. Removing "quantum corrections" , we obtain the definition of a SUSY 
Poisson vertex algebra. 

1.8. As in the vertex algebra case, most of the basic examples of SUSY vertex al- 
gebras are constructed starting with a SUSY Lie conformal algebra and taking 
its universal enveloping vertex algebra V(3$) or V c {3£). This can be defined as the 
universal enveloping vertex algebra V(j£?) of the corresponding formal superdistri- 
bution Lie algebra U(Jz?) (resp. U c (Jzf)), defined in the same way as in (1.4.1). By 
abuse of terminology, we often say that V(M) is a SUSY vertex algebra generated 
by St. 

The simplest example of an Nk = N SUSY vertex algebra is the well-known 
boson-fermion system, generated by one superfield \& of parity N mod 2, subject 
to the following A-bracket: 

[*A*] = A 1|w for even N, [* A *] = A 0|w for odd N. 
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Viewed as an ordinary vertex algebra, this SUSY vertex algebra in the case TV = 1 is 
generated by one boson and one fermion (hence the name "boson- fermion" system) . 

Another example is the SUSY vertex algebra, generated by the current SUSY 
Lie conformal algebra, associated to a Lie supcralgcbra g with an invariant bilinear 
form ( , ) . For TV even, the corresponding SUSY Nyy = TV or Nk = TV A-bracket is 
defined as 



For TV odd, we consider the vector superspace Ilg with reversed parity, and define 
for a, b G Ilg: 



In the case Nk = 1, using the normally ordered products of the above superfields, 
one reproduces the construction of the Nk = 1 super Virasoro field from [KT85]. 

Unfortunately, we do not know how to construct a SUSY lattice vertex algebra. 

A less routine example is the following. Let g be a Lie algebra and F a g-module. 
We associate to this data an Nk = 1 SUSY Lie conformal algebra &(g,F), which 
is a free J%-module over the vector superspace: 



where (F © g*) and (g © Ilg*) are the even and odd parts respectively and II is the 
change of parity functor, with the following non-zero A-brackets (X, Y e g, / e F, 
a G g*, a G Ilg*): 



The corresponding SUSY universal enveloping vertex algebra is denoted by U(g, F). 
The SUSY Nk = 1 vertex algebra V(g,F) in the case when g is the Lie algebra of 
vector fields on a manifold M . F is the space of functions on M and g* is the space 
of differential 1— forms on M, is used in [BZHS06] to construct the chiral de Rham 
complex [MSV99], as a sheaf of Nk = 1 SUSY vertex algebras on M, and study its 
SUSY properties. 

1.9. In the subsequent paper [Hel06] the formalism of SUSY vertex algebras is 
applied to associate to any (strongly)conformal SUSY Nw (resp Nk)~ TV vertex 
algebra V a vector bundle "Vx on any supercurve (resp. supcrconformal curve) X, 
along the lines of [FBZ01], where this is done for ordinary curves. 



In this section we recall some notation and basic results on vertex algebras. We 
also give the first examples of SUSY vertex algebras constructed via ordinary vertex 
algebras. The reader is referred to [Kac96] for an introduction to the vertex algebra 
theory. 

Definition 2.1. Let be a Lie supcralgcbra. An srf -valued formal distribution is 
a formal expression of the form: 



[oa6] = [a, b] + A(a, b), a, b € g. 




0FW)©(g©ng*), 



[X A Y] = [X,Y], [X A f]=Xf, 

[Xacx] = Xa + A < a, X >, [X\a] = ~Xa + x < a, A > . 



2. Preliminaries 



-1-n 
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where Br n \ £ srf have the same parity for all n G Z; this parity is called the parity 
of B(z). The coefficients -B( n ) are called the Fourier modes of B{z), and z is an 
indeterminate. A pair of formal distributions B(z), C(w) is local if 

(z-w) N [B(z),C(w)]=0 for some N 6 Z + . 

If =c/ = End(V r ), where V is a vector superspace, with the usual superbracket, we 
say that B(z) is a /seZd if, for every v <G V, B^v = for large enough n. 

2.2. Let V be a vertex algebra 2 (see 1.2). The map Y is called the state-field corre- 
spondence and we will use this map to identify a vector a £ V with its corresponding 
field Y(a,z). 

2.3. Given a vertex algebra V we denote 

X k 

(2.3.1) a (n) b = a (n) (b) , [a x b] = ^ T[ a W 6 ' : a& := a ( _i)&. 

fc>0 

The first operation is called the n-th product, the second is called the A-bracket 
and the third the normally ordered product. 

2.4. For each n € Z, define the n-th product of End(F)-valued fields A(z) and B{z) 
as follows. Denote by i Z:W the expansion in the domain \z\ > \w\: 



(2.4.1) i z , w z m w n (z - w) k = z m+k w n i z , w (l - -)* = ^(-1) J / ' 



z / i — ' \ 7 



z m+k - j w n+j . 



Define 



(2.4.2) A(w) (n) B(w) = res z (i z>w (z - w) n A(z)B(w)- 

-i w , z {z - w) n (-l)^ A ^B{w)A(z) 

where p(A) denotes the parity of A(w). It can be shown that the following n-th 
product identity holds (cf. [Kac96, Prop. 4.4]) 

(2.4.3) Y(a {n) b,z)=Y(a,z) {n) Y(b,z) Vn e Z, 
hence. 

(2.4.4) Y{Ta,z) = d z Y(a,z). 

2.5. In a vertex algebra V we have the following commutator formulas [Kac96, p 
112] 

[0(m),6(n)] = ^ (7) ( a « 6 )(m+n-i) ' 
j>0 V J 7 

[a (m) ,Y(b, w)]=J2{ Y ( a <J) b > «0- 

This formula shows that the space of Fourier modes of all fields of a vertex alge- 
bra is closed under the Lie bracket, and, moreover, the commutation relations are 
expressed in terms of j-th products. 



2 We will denote a vertex algebra by its space of states V when there is no possible confusion. 
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Definition 2.6. A Lie conformal algebra is a super C [d] -module if equipped with 
a parity preserving bilinear map 

[a] : -> C[A] <g>^, a®b>->[axb], 

satisfying the following axioms: 

• Sesquilinearity: 

[da x b] = -\[a x b], [a x db] = (d + X)[a x b}. 

• Skew-commutativity: 

[6 A a] = -(-l) p(oM6) [a-a-A&]. 

• Jacobi identity: 

KM] = [MUM + (-lr^p^ib^axc}], 

for all a, 6, c £ Here A and /i are commuting indcterminatcs. 

Given a Lie conformal algebra ffl, we can associate to it a vertex algebra V(M) 
(cf. [Kac96], [BK03]) called the universal enveloping vertex algebra of ' !%, as defined 
in the introduction. If ffi is generated by some vectors {a{\ as a C [9] -module, we 
say that V{3$) is generated by the same vectors. If C £ & is a central element 
such that 9C = 0, given any complex number c, we denote by V C (M) the quotient 
of V(&) by the ideal (C - c)V{M). 

One can show [Kac96] that a vertex algebra V is canonically a Lie conformal 
algebra with the A-bracket defined in (2.3.1) and d = T. 

Example 2.7. The Virasoro vertex algebra Vir c is generated by an even field L 
satisfying: 

(2.7.1) [L X L] = (d + 2X)L + ^X 3 . 

The complex number c is called the central charge. Expanding the corresponding 
field as in (1.2.1) we obtain the familiar commutation relations of the Virasoro 
algebra (1.2.2). 

2.8. Let v e V be a conformal vector (see 1.2) and let L(z) be the corresponding 
Virasoro field. A vector a £ V satisfying [L\a] = (T + AX)a + 0(X 2 ) is said to have 
conformal weight A. If, moreover, a satisfies [L x a] = (T + AX)a we say that a is 
primary. 

Example 2.9. The Neveu Schwarz (NS) vertex algebra is generated by an even 
Virasoro field L (satisfying (2.7.1)) and an odd primary field G of conformal weight 
3/2, satisfying the commutation relation: 

[GxG] =2L+ y c. 

If we expand the corresponding fields as in (1.2.1) and (1.2.4) we obtain the 
commutation relations (1.2.5) and (1-2.2) of the Neveu-Schwarz algebra. 

As we have seen in the introduction, given a vertex algebra with an TV = 1 
superconformal vector r, we obtain an Nk = 1 SUSY vertex algebra (see also 4.17 
for a definition) by defining the superficlds (1.2.6). In particular, the Neveu-Schwarz 
algebra gives rise to such an Nk = 1 SUSY vertex algebra. 
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Below we give some examples of vertex algebras with an N = 1 superconformal 
vector. By the construction in 1.2, they are automatically Nk = 1 SUSY vertex 
algebras. 

Example 2.10. [Kac96, Ex. 5.9a] Let V be the universal enveloping vertex algebra 
of the Lie conformal algebra generated by an even vector (free boson) a and an odd 
vector (free fcrmion) ip, namely 

[a* a] = A, [<p\<p] = 1, [<x\<p] = 0. 

Then V is a (simple) vertex algebra with a family of N — 1 superconformal vectors 

t = («(-x)V(-i) + m( ^(-2))|0), m e C, 

of central charge c = | — 3m 2 . 

Example 2.11. [KT85] [Kac96, Thm 5.9] Let g be a finite dimensional Lie algebra 
with a non-degenerate invariant symmetric bilinear form ( , ) , normalized by the 
condition (a, a) = 2 for a long root a, and let h w be the dual Coxeter number. 
We construct a vertex algebra V k (g supel ) generated by the usual currents a, b eg, 
satisfying: 

[axb] = [a,b] + (k + h v )X(a,b), 

and the odd super currents a € LEg (as before LI stands for reversal of parity), 
satisfying: 

[a\b] = [a,b], [a\b] = (k + h v )(a, b). 

Let {a' } and be dual bases of g. Provided that k ^ —h y the vertex algebra 
^ fe (flsuper) admits an TV = 1 superconformal vector 

\ i i,j,r I 



of central charge 



fcdimg 1 

Cfc = fcTT^ + 2 dimfl - 



This is known as the Kac-Todorov construction. The formulas in [Kac96] should 
be corrected as above. 

Example 2.12. [Kac96, Thm 5.10] The N = 2 vertex algebra is generated by a Vi- 
rasoro field L of central charge c, an even field J, primary of conformal weight 1, and 
two odd fields G^, primary of conformal weight 3/2. The remaining commutation 
relations are: 

[J X J] = | A, [G^G ± ] = 0, [J A G ± ] - ±G ± , 



3 



1 „ -. . , c. 



[GtGH = L + -9J + XJ + -A 2 . 
L A J 2 6 

This vertex algebra contains an N = 1 superconformal vector: 

r = G+_ 1) |0) + G-_ 1) |0). 

Also, this vertex algebra admits a Z/2Z x C* family of automorphisms. The gen- 
erator of Z/2Z is given by L L, - J and G ± i— > G T . The C* family is given 
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by G + i— > jiG + and G ^ fj, 1 G . Applying these automorphisms, we get a family 
of TV — 1 superconformal vectors. By expanding the corresponding fields 

L{z) = Y,L n z- 2 ~ n , G ± (z)= Y, G±z- 3/2 -, J(z) = Y / JnZ- 1 - n , 

n£Z nel/2+Z n£Z 

we get the commutation relations of the Virasoro operators L n , and the following 
remaining commutation relations 

m„ -,±1 _ , -± , , / n 



[Jmj Jn] — g <^m,— n c i [^raiG,,] — ±G m _|_„, [G m ,Z/„] — (^777 ^ J G m _|_„, 

?Ti — 77 C 2 1 \ 

[-^mi Jfi] = —nJm+m V^m'^ni = ^m+n H ^ Jm+n + g ( m 4 J 

Sometimes it is convenient to introduce a different set of generating fields for 
this vertex algebra. We define L = L — 1/29 J. This is a Virasoro field with central 
charge zero, namely [L\L] = (d + 2X)L. With respect to this Virasoro element, G + 
is primary of conformal weight 2 and G~ is primary of conformal weight 1; J has 
conformal weight 1 but is no longer a primary field. To summarize the commutation 
relations, we write 

Q(z) = G+(z) = J2 QnZ- 2 ~ n , H(z) = G-(z) = Y Hnz- 1 -", 

(2.12.1a) ™ eZ 



z- 2 -\ 



L( Z ) = Y T n 

The corresponding A-brackcts of these fields are given by: 

A 2 

[LxL] = {d + 2X)L, [L X J] = (d + A) J - — c, [L X Q] = (d + 2A)Q, 
(2.12.1b) 6 

[L x H] = (d + X)H, [H X Q]=L-\J + C -\ 2 . 

6 

The commutation relations between the Fourier coefficients are: 
(2.12.1c) 

[T m , T n ] = (m — n)T m+n , [Q m , Qn] = [H m , H n ] = 0, 
[T m , H n ] = —nH m + n , [T m , J n ] = —nJ m+n — m(m + l)—Sm,-n, 

[T m , Qn] = (m - n)Q m+n , [H m , Q„] = T m+n - mJ m+n + m(m - 1)-S m „ 

6 

2.13. In the subsequent sections, we will study in detail the structure theory of 
SUSY vertex algebras. Here we introduce some basic notation, used in the examples 
further on. 

Let V be a vector superspacc over C. Let z be an even indeterminate and 
6 1 , . . . , 9 N be odd anticommuting indeterminates which commute with z. For an 
ordered subset I = (ii, . . . , ik) C {1, . . . , TV}, we will write 9 1 = ff 11 . . .0 %h and let 
TV \ / be the ordered complement of I in { 1 , . . . , TV} . 

An End(V r )-valued superfield is a expression of the form: 

(2.13.1) A(z,9\...,9 N ) = Y O^A^z- 1 -" 

(n\I):n& 

where / runs over all ordered subsets of the set {1, . . . , TV}, At n ij\ £ End(F), and 
for each / and v € V we have Ar n \j\V = for n large enough. We will usually write 
A(z, 9) or simply A(Z) for this field, where Z = (z, 1 , . . . , 9 N ). 
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Remark 2.14. Define an N = 2 superconformal vertex algebra as a vertex algebra 
with a vector r and two operators S 1 , S 2 satisfying 

[T 1 S i }=0, [S\Si}=26 hJ T, 

such that the corresponding fields J(z) = —iY(r, z), L(z) = ^Y(S 2 S 1 t, z) and 

G (1) (z) = G+(z) + G-(z) = -Y(S 2 t,z), 
(2.14.1) , N W 

G (2) (z) = i (G+(z) - G-{zj) = Y{S x t,z), 

H) 

satisfy the A-brackcts of Example 2.12. L_i = T, G_y 2 = S l , and Lq is diagonal- 
izable with eigenvalues bounded below. Then we obtain an Nk = 2 SUSY vertex 
algebra (see 4.17 for a definition) by letting 

Y(a, Z) = Y(a, z) + 9 l Y{S 1 a, z) + 6 2 Y(S 2 a, z) + 6 2 6 1 Y(S 1 S 2 a, z). 

Similarly, given a vertex algebra with two vectors is, r and an odd operator S such 
that [T, S] = 0, S 2 = and the associated fields: 

J(z) = -Y(t,z), H{z)=Y{v,z) 

Q{z) = Y{St, z), L(z) = Y{Sv 7 z) - d z J{z) 

satisfy the commutation relations (2.12.1b), T_i = T, Q-i = S, To is diagonalizable 
with eigenvalues bounded below, and Jo is diagonalizable, we obtain an Nw = 1 
SUSY vertex algebra (see 3.3.1 for a definition) by letting: 

Y(a, Z) = Y(a, z) + 6Y(Sa, z). 



Example 2.15. Following the previous remark, we can give the N = 2 vertex 
algebra, as defined in Example 2.12, the structure of an Nk — 2 SUSY vertex 
algebra by letting S 1 = (Gf \ + G^o)) an d S 2 = «(G^ — G^). Also we check 
directly that letting 

(2.15.1) t= v^TJ ( -i)|0), 
we get: 

(2.15.2) Y{t,z,B 1 ) = y^lJ{z) + 9 1 G {2} (z) - B 2 G {1) {z) + 26 1 2 L{z) 

where G (1 \z) = G + (z) + G"(z) and G (2) (z) = i(G+(z) - G~{z)). It follows that 
[S\ S*] = 25 l3 T, r (0 | ) - 2T, r (0 |i) = S 1 and r (0 | 2 ) - S 2 (cf. 5.6 below). 

We note that G® are primary of conformal weight 3/2, and J is primary of 
conformal weight 1. The other commutation relations between the generating fields 
L, J, GW (i = 1,2) are 

[G« A G«] = 2L + [G^xGW] = -i(d + 2A) J, 

[J x G^] = -iG { - 2 \ [J x G^]=iG^, 

or, equivalcntly, 

[Gg\ G«] = 2L m+n + (™ 2 - ij |<5 m ,_„, [GW, Gi 2 )] = i (n - m) J m+n , 
\T G^l - -?G (2) \T G( 2 )l-?G (1) 
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Similarly, we can view the N = 2 vertex algebra of Example 2.12 as an Nw = 1 
SUSY vertex algebra as follows. We will use the generating fields L,Q,H, and J 
with the commutation relations (2.12.1c). Define the superfields: 

Y(a, z, 6) = Y(a, z) + 6Y{Q- ia , z), 

and let T = T_i, S = S 1 = Q_i, so that T and S commute and S 2 = 0. 

Note that defining the vectors v = Hr^O) and t = —J(_i\\0) we have in 
particular 

Y{v, z, 6) = H(z) + 6(L(z) + d z J(z)), 
Y(t,z,6) = -J{z) + 9Q{z). 
Therefore, if we consider the Fourier modes as defined in (2.13.1), we have 

"(0,0) = T, T(o t0 ) = S. 

Moreover, it is easy to see that the field L(z) + d z J(z) is also a Virasoro field and 
the conformal weights of the generating fields L, H,Q, J are positive with respect 
to this Virasoro field as well. It follows that the operator ^(i,o) acts diagonally with 
non-negative eigenvalues (cf. Definition 5.2 below). 

Example 2.16. [Kac96, Ex. 5.9d] Consider the vertex algebra generated by a pair 
of free charged bosons a ± and a pair of free charged fermions (p^ where the only 
non-trivial commutation relations are: 

[aW] = A, bV T ] = 1- 
This vertex algebra contains the following family of N = 2 vertex subalgebras 
(/i G C): 

G ± =: a ± y ± : zLmdip^, J =: <p + tp~ : — m{a + + a~), 
L =: a + a~ : +— : dtp + tp~ : +— : d(p~tp + : — —d{a + — a~). 

The vector t given by (2.15.1) provides this vertex algebra with the structure of an 
N K = 2 SUSY vertex algebra, by letting T = L_ x and S' 1 = G W 1/2 (see (2.14.1)). 
As in Example 2.15, we can view this vertex algebra as an Nw = 1 SUSY vertex 
algebra. 

Example 2.17. An example of an Nw = N SUSY vertex algebra for each N 
can be constructed as follows. Denote by A the set of all ordered monomials 
9 11 . . .0 %s and consider the superalgebra C[f, t -1 ,^ 1 , . . . ,0 N ] where t is even and 
9 l are odd indeterminates. Let W(1|AT) be the Lie superalgebra of derivations 
of this superalgebra, and define the following collection of W(l|iV)-valued formal 
distributions: 



a £ A, j = 0,1, . . . ,N 



where dj = dgj if j > and do = dt- The pair (W(1|JV), jF) is a formal distribution 
Lie superalgebra. The corresponding Lie conformal superalgebra is the free C[d}- 
module #V generated by the vectors a J , with a € A and j = 0, . . . , N, and the 
following A-brackets (cf. [Kac96], [FK02]): 

[a\V] = (adiby + (-ir^((d 3 a)by, i,j > 1, 

[a\b°] = {ad t bf - {-l) p{b \aby\, [a x b°] = -d{abf - 2{ab)°X. 
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Let V{Wn) be the associated universal enveloping vertex algebra. The field 

n 

L(zH-l°(z) + 5>(0TW, 

i=l 

is a Virasoro field, and the elements (8 z y are primary of conformal weight 1, while 
the elements — V are primary of conformal weight 2. We will need later its Fourier 
modes, which are given by: 

L n = -t n+1 d t - (n + 1) PPdoi. 

We define T = L-% = —dt- In order to be consistent with previous notation we 
define the fields Q % {z) = —V(z) and write down their Fourier modes which are 

In particular, we define S l = Q % _ x for i > 1 and note that (S 1 ) 2 = and [T, S l ] = 0. 

In order to construct an Nw = N SUSY vertex algebra from the vertex algebra 
V(Wn) we proceed as before, defining the supcrficlds 

(2.17.1) Y(a, z,0\..., 9 N ) = £(-1)^0^^ . . . S*'o, z), 

i 

where the summation is taken over all ordered subsets I = (ii, . . . , i s ) of {1, . . . , N}. 
It is straightforward to check that the data (V{Wn), T, S 1 , |0), Y) is indeed an Nw = 
N SUSY vertex algebra. Moreover, this is a IU(l|7V)-conformal N w = N SUSY 
vertex algebra, as defined in 1.5. We shall return to this example in 5.1. 

Example 2.18. We can similarly construct an Nk — N SUSY vertex algebra 
V{Jf N ) for any N. For this we define a subalgebra K(l\N) of W(1\N), of those 
differential operators preserving the form lu = dt + l d6 % up to multiplication by 
a function (recall that we consider d to be an even derivation, as in [DM99], but 
not in [KvdL89] and [FK02]). It consists of differential operators of the form: 

1 N 

(2.18.1) Df = fdo + -(-l) p W ]T(^ + WWido + d t ), 

i=l 

for / G C[t, t~ 1 , 6 1 , . . . ,6 N ]. These operators satisfy 

[D f ,D 9 ] = D {f - g} , 

where 



N \ I N \ N 

- J2 0%f d g - d f [g - 1- J2 0*9 + M)^ E d ^9- 

i=l / \ i=l / i=l 



{f,g}= [f 



In particular K(1\N) contains the operators 
L n = -t n+1 d t - 7 -^t n J2 , n E Z, 



Glf> = -t n+1 ^{d g , - e i d t ) + (n + r-Vty^Pdo,, 

It is easy to see that the operators L n span a centerless Virasoro Lie algebra 



1 „ 
n e - + Z. 
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As in the VU(1|A) case, we construct the corresponding Lie conformal superal- 
gebra as follows. It is the free C[9]-module J^n generated by vectors a G A, with 
the following A-brackets [FK02] 

[a x b] = - l) d(ab) + {-If 1 - J2 diad^j + A ^±1 2^ ab, 

where a = Q H ...8 ir ,b = B n ...6 j >. 

We denote by V(J^n) its universal enveloping vertex algebra, and we define the 

(i) 

operators T = L-\ and S l = G_y 2 . Now we define the state- field correspondence 
as in (2.17.1): 

Y(a, z, 9) = ^(-l) ISi r 1 I Y(S I a, z). 
1 

All the properties of an Nk = N SUSY vertex algebra are straightforward to check 
as in the previous cases. Moreover, this is a A'(l| A)-conformal Nk = N SUSY 
vertex algebra. We will return to this example in 5.5. 

3. Structure theory of N w = N SUSY vertex algebras 

In this section we develop the structure theory of SUSY Lie conformal algebras 
and SUSY vertex algebras along the lines of [Kac96] (sec also [DSK05] for a better 
exposition). Proofs arc rather straightforward adaptations of those in the vertex 
algebra case, the only difficulty being the problem of signs. 

3.1. Formal distribution calculus. 

3.1.1. In what follows we fix the ground field to be the complex numbers C and 
A to be a non-negative integer. Let 9 1 , . . . ,8 N be Grassmann variables and / = 
{«!,..., %k\ be an ordered k-tuple: 1 < i\ < ■ ■ ■ < iy. < N. We will denote 

6 1 =9 n ...9 lk , 9 N = 9 1 ...9 N . 

For an element a in a vector superspace we will denote (— l) a = (— l) p ( a \ where 
p(a) £ Z/2Z is the parity of a, and, given a fc-tuple / as above, we will let (— l) 7 = 
(— l) fe . Given two disjoint ordered tuples I and J, we define a (I, J) = ±1 by 

9 ! 9 J = a(I,J)9 IUJ , 

and we define a(I, J) to be zero if I n J 7^ 0. Also, unless noted otherwise, all 
"union" symbols "U" will denote disjoint unions 3 . It follows easily, by looking at 
9 I 9 J 9 K , that for three mutually disjoint tuples, /, J and K we have: 

(3.1.1.1) cr(7, J)a(I U J, K) = a(I, J U K)a{J, A), a(I, J) = (-l) IJ a{J, I). 

Here and further (-1) /J stands for (-l)(«(tt-0. 

We will denote by N \ I the ordered complement of I in {1, ... , A} and define 
a(I) := a(I, N \ I). It follows from the definitions that 9^^ = a{I)9 N . 

3.1.2. Let Z = (z,9 1 ,...,9 N ) and W = (w, C\ ■ ■ • , C^) denote two sets of coordi- 
nates in the formal superdisk D = D^ N . As before, all 9 l and ^ anticommute. 

Let C[[z]] be the algebra of formal power series in z; its elements are are series 
S n >o a nZ n with a n G C. The superalgebra of regular functions in D is defined as 



^This will not be true in section 4 where we analyze Nx = n SUSY vertex algebras 
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C[[Z}} := C[[z]] g) C[0\ ...,6 N }. Similarly, we define the superalgebra C[[Z, W]] := 

c[[z,w]]®c[e\...,9 N ,c 1 ,...,<; N }. 

For any C-algcbra R, we denote by R((z)) the algebra of i?-valucd formal Laurent 
series, its elements are series of the form X^nez 12 ™ 2 ™ such that a n G R and there 
exists Nq G Z such that a n = for all n < Nq. If i? is a field, so is R((z)). We denote 
i?((Z)) := R{(z)) ® c C[0\ . . . ,9 N }. Denote also by C((Z))((W)) the superalgebra 
i?((W)) where R = C((Z)); its elements are Laurent series in W whose coefficients 
are Laurent series in Z. Similarly we have the superalgebra C((W))((Z)). 

Denote by C((z,w)) the field of fractions of C[[z,u>]] and put C((Z, W)) := 
C((z, w)) <8>c C^ 1 , . . . , , £ 1 , . . . , C N ]- One may think of this superalgebra as the 
algebra of meromorphic functions in the formal superdisk D 2 \ 2N . Given such a 
meromorphic function, we can "expand it near the w axis" , to obtain an element 
of C((Z))((W)). Indeed, C[[z,w]] embeds naturally in C((z))((to)) and C((w))((z)) 
respectively. Since C((z, is the ring of fractions of C[[z, w}] and C((z))((w)) and 
C((w))((z)) are fields, these embedding induce respective algebra embcddings 

C((z))(H) C((z,w)) ^ C(M)((z)). 

(A concrete example is given by (2.4.1)). 

Tensoring with the corresponding Grassmann superalgebras, we obtain superal- 
gebra embeddings 

C((Z))((W)) C((Z,W)) H" C((W))((Z)). 

Let ^ be a vector superspace. An ^ -valued formal distribution is an expression 
of the form 

(n|J):«eZ 

The space of such distributions will be denoted ^[[Z, Z -1 ]]. We denote by C[Z, Z^ 1 } 
C[z, (giC^ 1 , . . . , 0^] the superalgebra of Laurent polynomials. A ^ -valued for- 
mal distribution is canonically a linear functional C[Z, Z^ 1 } — > To see this, we 
define the swper residue as the coefficient of Z -1 '^: 

resz a(Z) = a_i\ N . 

This clearly satisfies 

(3.1.2.1) rcs z d z a{Z) = rcs z d 9 a{Z) = 0. 

Given a ^ -valued formal distribution a(Z) we obtain a linear map C[Z, Z~ x \ — > ^ 
given by 

f(Z)^res z a(Z)f(Z). 
Conversely, every formal distribution arises in this way. Indeed we have: 

(3.1.2.2) res z Z n ^a(Z) = a(I)a_^ nmi . 
Therefore the formal distribution a(Z) can be written as 

(n\I):n& 

where 

0(«|J) = a(I)res z Z n ^a(Z). 
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We can similarly define -valued formal distributions in two variables, as ex- 
pressions of the form 

a(Z,W)= Z J \ J W k \ K a ]V]MK , flj , u K ■ // . 

ti\J),(k\K) 

The space of such formal distributions will be denoted ^[[Z, W, W~ 1 ]]. 

Note that in the case <% = C, both algebras C((Z))((W)) and C{{W))((Z)) 
are embedded in C[[Z, Z~ l , W, W -1 ]]. We will denote by i z , w and i W)Z the cor- 
responding embeddings of C((Z, W)) in C[[Z, Z' 1 , W, W' 1 }}.' When f(Z, W) is a 
Laurent polynomial (that is a polynomial in z, z~ 1 , w, w _1 and the odd variables) 
then the embeddings i z , w f and i w ,zf coincide on C[[Z, Z -1 , W, W -1 }]. Indeed, it 
is immediate to see that 

(3.1.2.3) C({Z)){{W))nC({W)){{Z)) = £[[Z,W]][z-\w-% 

where the intersection is taken in C[[Z, Z~ x , W, VT -1 ]]. The images under these 
embeddings are different for other functions, as we will see below (cf. 3.1.5). 

A -valued formal distribution in two variables is called local if there exists a 
non-negative integer n such that 

(z- w) n a(Z,W) = 0. 

3.1.3. Note that the differential operators d z ,dgi and d w ,d^i act in the usual way 
on the spaces C((Z, Wj), C[[Z, Z~ l , W, W' 1 ]]. For j G Z+ and J = (J u . . .,j k ) we 
will denote 

d z J = d i d e^ ■■■9gi k - 

We define 

./(.J+l) . . J(J+1) 

9 0V) ;= (-1) 3 gf Z U\J) := 2 Z aV, 



One checks easily that the embeddings i 2;tiI and i w _ z defined above, commute with 

^ J and d^ J 



the action of the differential operators 8% J and &i} J 



We will denote 

z - w = (z - w, e 1 - c 1 , . . . , e N - ( N ), z n v = z n e I , 
(3 - L3 - 1} (z-wy\ J = (z- w yi[(6 i -c), dw = (d w ,d c ,...,d CN ), 

and for any -valued formal distribution f(Z), we define its Taylor expansion as: 

(3.1.3.2) f(Z) = e^- w ^ dw f{W), 

where 

(Z - W)d w = {z- w)d w + ^(0* - 

i 

Expanding the exponential in (3.1.3.2) we obtain: 

f(z)= y, (-i) J (z-wy\ j d$ J) f(w). 

(j\J)-j>o 
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Remark 3.1.4. In the definition of formal distributions and super residues, we can 
replace C by any commutative superalgebra s# ', and ty/ by any .eZ-module. We see 
immediately that the residue map is of parity N mod 2, that is, for \ G \ an d 
u(Z) an ^-valued distribution, we have: 

Tes zX u{Z) = {-\Y N rcs z u{Z). 

On the other hand, this residue map is a morphism of right ■cZ-modules, namely: 

res z u(Z)x= (res z u(Z))x- 



Proposition 3.1.5. There exists a unique <C-valued formal distribution 8(Z,W) 
such that for every function f £ %[ZZ~ l ] we have res z 8{Z, W)f(Z) = f(W). 

Proof. For uniqueness, let 6 and 8' be two such distributions, then j3 = 5 — 8' 
satisfies res z (3(Z,W)f(Z) = for all functions f(Z). Decomposing (3(Z,W) = 

Y,Pn\i, m \J Wm]J Zn]I ■■ and multiplying by Z k \ L we see that fi—-y—k\N—L,m\J = for 
all m\J, hence [3 = 0. Existence will be proved below. □ 

3.1.6. We define the formal 8- function as the C- valued formal distribution in two 
variables, given by 

(3.1.6.1) 8(Z, W) = (*,,„ - i w . z )(Z - W)-^ N = (»,,„ - i w , z ) (g ~ C) 

z — w 

It follows that 



dt ] 8(Z, W) := -.8»8{Z, W) = (i z . w - i w>z ){Z - W)^ 



This distribution has the following properties: 

(1) (Z - W) m \ J &$5(Z, W) = whenever m > n or J D I, 

(2) {Z-W)^ J d$ I} 8(Z,W) = a(I\J, J)dfy~ j ^ J ^8(Z, W) if n> j and Id J, 

(3) 8(Z,W) = (-1) N 8(W,Z), 

(4) df8(Z,W) = (-iy+ N+J c4 T S(W,Z), 

(5) 8(Z, W)a(Z) = 8(Z, W)a(W), where a(Z) is any formal distribution, 

(6) resz S(Z, W)a(Z) = a(W), where a(Z) is any formal distribution, 

(7) exp ((Z - W)A) d$S(Z, W) = {A+dw)^ 1 S(Z, W), where A = (A,x\ ■ ■ ■ ,X N ) 
X 1 are odd anticommuting variables, A is even, A commutes with and 
we write 

(Z - W)A =(z- w)X + £(0* - C)X\ (A + 3 W ) = (A + d w , Xi + 

i 

Proof. Writing = . . . d^i k we have 

(Z - W) m \ J 8$5(Z, W) = (z- w) m nl(i z , w - i w , z )(z ~ wy x ~ n {e - Q J d\{Q - () N 

Now this clearly vanishes if m > 1 + n since then the two embeddings i ZtW and i WiZ 
coincide on the regular function [z — w) m ~ n . The other factor is clearly zero if 
J D I since for every j G J\I we have a factor (# J — £?) in 8^(9 — () N ■ This proves 

(!)■ 
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In order to prove (2) we write: 
(3.1.6.2) 

(z - wy\ J d$8{z, w) = n\(i z , w - i w , z )(z - wy-^ie - cya^o - o N 

{n-j)\ 

nl r(-i)^<r( j, / \ j)(n - j)\(i z , w - i W:Z )(z - wy'-^d^ie - o N 



(n-j)l 



{ -l)^a(JJ\J)-^—d^ J 6(Z,W). 



(3) is obvious and (4) follows from (3) easily. In order to prove (5) wee see that from 
(1) we have Sz = 5w therefore we get S(Z, W)z k = 5(Z, W)w k . On the other hand, 
also from (1) it follows that 5(Z, W)0 l = 6(Z, W)Q . Hence S(Z, W)6 I = 6(Z, W)(* 
and we have proved that 6(Z, W)Z n \ I = 5(Z, W)W n ^ . The result follows by lin- 
earity now. 

(6) follows by taking residue in (5). To prove (7) we first expand the exponential 
in power series: 
(3.1.6.3) 

exp {{Z - W)K) S$6(Z, W)= ("^(^ ~ W)^A^ J dfS(Z, W). 

(J\J)-j>o 

Now using (2) we see that this is: 

(3.1.6.4) ]T ( n )A^ J a(J,I\J)d^ mJ S(Z,W). 

(,j\J)-j>o VV 

On the other hand we can expand the right hand side of (7) as: 

(A + d H ,) n|/ = (A + d w ) n ( x + d c y = J2 ( n ) x^rMJ, i \ J)x J d? J 



£ (' l .)A^a(J,I\J)d: 



n-j\I\J 
W 



U\J)-j>o 

Comparing with (3.1.6.4) we get the result. □ 

Lemma 3.1.7. Let a(Z 7 W) be a local formal distribution in two variables. Then 
a(Z, W) can be uniquely decomposed as 

(3.1.7.1) a(Z,W)= (d$ J) 5{Z,W))c 3 \j{W), 

where the sum is finite. The coefficients Cj\j are given by 

(3.1.7.2) Cj \ j{W) = res z (Z - W) jlJ a(Z, W). 



Proof. First we note that if a(Z, W) is local then the sum on the right hand side 
is finite. Let b(Z, W) the difference between the right hand side and the left hand 
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side of (3.1.7.1). We find: 

res z (Z - W) klK b{Z, W) = res z (Z - W) m a{Z, W)- 

-resz {Z-Wf\ K (d^ J) 8{Z,W))c jU {W) 

U\J)--j>o 

= c m (W) - res z (d\f klAK) 5(Z, W)) c {j]J) (W) 
= c m {W) ~ rcs z 6(Z, W)c m {W) = 0, 

where in the second line we have used (2) of 3.1.6. It follows that b(Z, W) has no 
negative powers of z. Moreover, b(Z, W) is local, since a(Z, W) is, and the right 
hand side of (3.1.7.1) is local by (1) of 3.1.6. We can write then 

b(z,w)= ]T z^b^iw), 

U\J)-d>o 

and since (z — w) n b(Z, W) = we obtain: 

U\J) v ' 
j>k>0 

which easily shows that b(Z, W) = 0. Uniqueness is clear by taking residues on 
both sides of (3.1.7.1). □ 

3.1.8. Let a(Z,W) be a formal distribution in two variables. We define its formal 
Fourier transform by: 

(3.1.8.1) &z,w< z > W ) = res ^ exp ((Z - W)A) a{Z, W), 

where A = (\,x 1 t ■ ■ ■ iX N )i ^ i s an even variable, and x % are °dd anticommuting 
variables, commuting with A. 

Expanding this exponential we have (recall (3.1.6.3)) : 

(3.1.8.2) &£ tW a(Z, W) = res z J2 {Z - W)^ a{Z ,W) 

u\jy-j>o 

= (-l) JN V lJ ™sz(Z-W) ulJ) a(Z,W)= Y {-l) JN ^ jlJ) Cj\j(W) 

ti\J)--3>0 0V):j>0 

where Cj\j are defined by (3.1.7.2) and we write, as before 

J(J 2 +1) 



Proposition 3.1.9. The formal Fourier transform satisfies the following proper- 
ties: 

(1) sesquilinearity: 
&£ iW d z a{Z, W) = -X^i w a(Z, W) = [d w ,^ w ]a[Z, W), 
&£ w d e *a(Z,W) = -{-l) N x l &lw<Z,W) = (-l) N [d (i ,J?£ >w ]a(Z,W). 
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(2) For any local formal distribution a(Z, W) we have: 

(-l)X^W Z ) = ^z.w° w <Z, W), 

= 3?l w a(Z,W)\r=-A- dw , 

where —A — dyy = (—A — d w , — \ l — c^;). 

(3) For any formal distribution in three variables a(Z, W, X) we have 

where T = (7, 77 1 , . . . , r\ ), with rf odd anticommutative variables and 7 is 
even and commutes with rf , A + T is the sum (A + 7,x* + an d the 
superalgebra C[A, T] is commutative. 

Proof. The proof of the first equality of both lines of (1) follows from (3.1.2.1). For 
the first equality of the second line we have 

^i w d g ,a(Z, W) = res z exp ((Z - W)A) d g *a{Z, W) 
= - res z (d 6 i exp ((Z - W)A)) a(Z, W) = - res z X l exp ((Z - W)A) a{Z, W) 

= -(-l) N X i ^ w a(Z,W). 
For the second equality of the second line of (1) we have: 

[9?,&z,wHZ> W) = (-1)^ {^z d c exp ((Z - W)A) a{Z, W)- 
- exp ((Z - W)A) d (i a(Z, W)) == {-l) N res z (d c exp ((Z - W)A)) a(Z, W) 

To prove (2) it is enough, by Lemma 3.1.7, to prove the statement when a(Z, W) = 
(dH J 5(Z, W)) c(W). In this case we have: 

&l w a{W,Z) = (d^ J S(W,Z)) c(Z) = ^ w (~iy+ J+N dti J 5(Z,W)c(Z). 

Now using (7) in 3.1.6 we can express the last expression above as: 
(-iy+ J+N rcs z (A + dwY 1 J S(Z, W)c(Z) = 

= {-iy+ J + JN + N (A+d w y\ J vcs z 8(Z, W)c(Z) = (-iy+ J+JN+N (A+d w y lJ c(w). 

On the other hand we have 

&r >w a(Z,W)\ T =-A-d w = (-l) JN (-A-d w y\ J c{W) 

= (-iy+ J+JN (A + d w y\ J c(w). 

The proof of (3) is straightforward: 

(3.1.9.2) &% w &^ w = res z exp ((Z - W)A) res x exp ({X - W)T) = 
= res z res x exp ((Z - W)A + (X - W)T) = 
= (-l) Ar rcs x res z cxp((Z- X)A+ (X - W){A + T)) = 
= (-l) w resx cxp((X-M/)(A + r))rcs z exp((Z-X)A) = (-l) N K + w^tx- 

The sign (—1) N appears when we commute the residue maps (recall that they have 
parity N mod 2). □ 
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3.2. Nw = N SUSY Lie conformal algebras. 

3.2.1. Let g be a Lie superalgebra. A pair of g- valued formal distributions a(Z), b{Z) 
is called local if the distribution [a(Z), b(W)] is local. By the decomposition Lemma 
3.1.7 we have for such a pair: 

[a(Z),b(W)]= Yl (dtt J) 5(Z,W)) CjlJ (W). 

u\jy.j>o 

where 

CjlJ (W) = rcs z (Z - W) j \ J [a(Z), b{W)\. 

We define a(W)(j\ j)b(W) = Cj\ j(W) and we call this operation the (j|J)-product. 
Let us also define the A-brackct of two g- valued formal distributions by 

(3.2.1.1) [a A b](W) = &* w [a(Z),b(W)}, 

where w is the formal Fourier transform defined in 3.1.8. It follows from the 
definitions and from (3.1.8.2) that 

M]= E (-l) JN ^ J] a U \J)b- 

Note also that the A-bracket has parity N mod 2 (this follows from the fact that 
the residue map has parity N mod 2). 

A pair consisting of a Lie superalgebra g and a family S% of pairwise local 

g-valued formal distributions a(Z), whose coefficients span g, stable under all j\J- 
th products and under the derivations d z and dgi is called an Nw — N formal 
distribution Lie superalgebra. 

Proposition 3.2.2. The A-bracket defined in (3.2.1.1) satisfies the following prop- 
erties: 

(1) Sesquilinearity for a pair (a(Z), b(W)): 

(3.2.2.1) [d z a A b] = -X[a A b] [a A d w b] = (d w + X)[a A b] 

(3.2.2.2) [d 0i a A b] = -(-1) VM] [a A d C ib] = (-l) a+7V (% + X l )[a A fc] 

(2) Skew-symmetry for a local pair {a{Z), b(W)): 

[b A a] = -(-l) ab+N [a- A _ dw b]. 

(3) Jacobi identity for a triple (a(Z),b(X),c(W)): 

[a A [b r c]] = (-l) aN+N [[a A b] A+r c} + (-l)^ +N ^ +N \b r [a A c}], 
where F = (7, 77 1 , . . . , 77^) and the superalgebra C[A, F] is commutative. 
Proof. In order to prove the first equation in (3.2.2.2) we use Proposition 3.1.9 (1): 
[d e ,a A b] = &£ >w [d ei a(Z),b(W)) = ^ >w d 8i [a(Z),b(W)] 

= -(-i) N x l HwHz),b(w)} = _(_i)VM]. 

For the second equation we have by Proposition 3.1.9 (1): 

[a A d c b] = ^i w [a(Z),d c b(W)] = ^ w (-l) a d ci [a(Z),b(W)} 

= (-i) a {[&z, w A<] + i-V N dc^z,w) HZ)MW)] 

= (-l) a+N (x l +d ( >Wt w [a(Z),b(W)} = (-l) a+N ( X l + d ) [a A b]. 
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Skew-symmetry follows from the skew-symmetry property of the Fourier transform 
(3.1.9.1) as follows: 

[M = ^ w [b(Z),a(W)} = -(-ir b ^ w [a(W),b(Z)} 

= -(-ir b + N ^^HZ),b(W)} = -(-l) ab+N la-A- 9w b}. 
Finally, to prove the Jacobi identity we use Proposition 3.1.9 (3) 
[oaM] = &iwWZ),^ w [b{X),c{W)\] 

= (-lT N ^, w J?l w [a(Z),[b(X),c(W)]} 
= (-l) aN ^i w ^ w [HZ)MX)},c(W)} + 

+ (-l) ab+aN ^k w ^, w {b(X), [a(Z),c(W)}} 
= {-l) aN+N ^^i x [[a{Z)MX%c{W)] + 

(-ir b+aN+bN+N ^, w [b(X),^ >w [a(Z),c(W)}] 
= (-ir N + N [[a A b} r+ Ac] + (-lY a+N ^ b+N ^b r [a A c}}. 

a 

Definition 3.2.3. Let C[T, S] := C[T, S 1 ,..., S N ] be the commutative superalge- 
bra freely generated by an even element T and N odd elements S l . A Nw = N 
SUSY Lie conformal algebra is a Z/2Z-graded C[T, S'J-module 8? with a C-bilinear 
operation [ A ] : 8t ®>c 8% — *■ C[A] <X>c 8% of parity N mod 2 satisfying the following 
three axioms: 

(1) Scsquilincarity: 

[Ta A b] = -X[a A b] [a A Tb] = (T + X)[a A b] 

[S l a A b] = -(-l) N x l [a A b] [a A S*b] = (-l) a+N (S l + X <) [a A b] 

(2) Skew-symmetry: 

[M = -(-l) ab+N [b^ v a], 

where V = (T, S 1 , . . . , S N ), the A-brackct in the RHS means compute first 
the r bracket and then let T = —A — V. 

(3) Jacobi identity: 

(3.2.3.1) [oaM] = (-l) aN+N [[a A b] r+A c] + (^ a+N ^ b+N ^[b r [a A c]]. 

We will drop the adjective SUSY when no confusion may arise. 

Remark 3.2.4. Even though in this case the situation is simple, it is instructive to 
realize the A bracket as a morphism of C[A]-modules. Consider the co-commutative 
Hopf superalgebra Jrff = C[A] with commultiplication AA = A®1 + 1®A, Ay^ = 
X 1 ® 1 + 1® X 1 - Note that C[V] ~ Jff . Consider Jj? as a J^-module with the adjoint 
action (which is trivial in this case, given that Jif is super-commutative). Then we 
may think of Jtf? <g> 8? as an Jrff module, the action is given by h i— * Ah. Similarly 
8i <8> 8i is an 3? -module. The A-bracket is then a J^-module homomorphism of 
degree (— 1) N . Namely, let 4> denote the morphism M®8?. — > Jf? ®>8? which is given 
by the A-bracket. Then for every h £ J$? we have 

<(>h- {-l) hN h<t) = Q, 
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as elements in Hom(^ <g> ffl ® Similarly, the Jacobi identity is an identity 
in 

Hom(J' <g) & ® @, J? ® ,je ® ^). 
We will expand on this in Remark 4.12. 

Remark 3.2.5. According to Proposition 3.2.2, given any Nyy = N SUSY formal 
distribution Lie superalgebra (g,&), the space ^ is a SUSY Lie conformal algebra 
where T = d w and S l = d^i. and the A-bracket is defined by (3.2.1.1). 

Definition 3.2.6. A Lie superalgebra of degree p G Z/2Z is a vector superspace f) 
with a bilinear operation {,}:f)®fj— ►fjof parity p satisfying: 

(1) Skew-symmetry: {a, 6} = -(-l) afc+p {6, a}. 

(2) Jacobi identity: {a, {b,c}} = {-l) a P+P{{a, b}, c } + {-l) {a+p)(b+p) {b, {a, c}}. 

Lemma 3.2.7. Let t) be a Lie superalgebra of degree p G Z/2Z. Define q as a 
vector superspace to be fj if p = mod 2 or t) with the reversed parity if p = 1 
mod 2. Define the bilinear operation [ , ] : g <E) g — > g fry: 

M] = (-in+P{a,6}, 

where the right hand side is computed in t) and then we reverse the parity if p = 1. 
T/ien (g, [, ]) is a Lie superalgebra which we will denote as Lie(f)). 

Proof. We have: 

[6, a] = (-l) fop+p {6,a} = -(-l) bp+ab {a, b} = -(-l) (a+p)(&+rt [a, 6], 

which is skew-symmetry for the Lie algebra provided the parity in q is shifted by 
p. To check Jacobi identity we have: 

[a, [b, c}] = (-l)*+°*{a, {b, c}} = (-iy b+ *{{a, b}, c} + (-l) ab+ P{b, {a, c}} = 

= (-l)P b +P+( a + b +P)P+ a P[[ a ,b],c\ + {-lyb+P+ap+bp^^ J ajC ]] = 

= [[a,b},c] + (-lY a +P^ b +^[b, [a,c]]. 

□ 

Lemma 3.2.8. Let M be a N w = N SUSY Lie conformal algebra. Then 
is naturally a Lie superalgebra of degree N mod 2 with bracket 

{a + VM, b + V.^} = [a A 6] A =o + V^. 

Proof. The fact that the bilinear map { , } is well defined follows from sesquilinear- 
ity. Skew-symmetry and the Jacobi identity follow from the corresponding axioms 
for the SUSY Lie conformal algebra {%. □ 

Lemma 3.2.9. Let Si be an Nw = N SUSY Lie conformal algebra. Then M := 
M <g> C[W, W' 1 ] is an N w = N SUSY Lie conformal algebra with A-bracket: 

(3.2.9.1) [a®f A b®g] = {-l) fb [a A+dw b] ® f(W)g(W')\w>=w, 

and with f = T ® id + id <E>d w and 5* = S* <E> id + id <E)d C i . 
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Proof. We prove here skew-symmetry, the other axioms are checked in a similar 
way: 

{a®f A b®g} = {-l) fb [a A+dw b\® f{W)g(W')\ w=w , 

= -(-l) ab+JV+/6 [6_ A _ aw _ v a] ® /(W0fl(W)k=w 

= _(-i)(«+/)(^)+^[6_ A _ 9w _ v _ aw , +aiv , a ] ®s(W)/(W0k=^ 

= -(-l)(«+/)( 6 +ff)+ JV [6® 5 _ A _^a®/] 

□ 



3.2.10. For any iW = iV" SUSY Lie conformal algebra M, we put L(^) = 
and Lic(^) := lAc{L{3S)) (see Lemmas 3.2.7 and 3.2.8). For each a € M, let 
a <n|/> G L(0t) be the image of a ® W n ^ . Similarly define ar n \n G Lie(^) as the 
image of the following clement of L{£%) 

(-l) aI a(I)a <nlI> , 



and define, for each o£f, the following Lie(^)-valued formal distribution 

(3.2.10.1) a(Z)= J2 z ' 1 ~ m ^ J a (j\J) GLie^^.Z -1 ]]. 

Using (3.2.9.1) with / = W n ' 1 and g = W k \ K and putting A = wc compute 
explicitly the Lie bracket (of parity TV mod 2) in L(M): 

(3.2.10.2) {a <n{I> ,b <k]K> } = J2(-l) aJ+b{I - J) ( n 

j>0,J ^ 

x o-(J,I\ J)(t(I\ J,K)(a {j \ J) b) <n _ j+k \ KiJ{I \j )> . 

It is straightforward to check using Lemma 3.2.7, that the Lie bracket in Lie(^) is 
given by: 

(3.2.10.3) [ a(n]I) ,b (m) ] = (-l)^ N -^ N -^ £ (-1) {I - J){N - J) (?) X 

x a(I)a(J, I \ J)a (I \J,(N\K)\(I\ J)) (a (j] j)b) {n+k _ j]KU{IV)) . 



Proposition 3.2.11. Let M be an Nw = N SUSY Lie conformal algebra, a, b two 
vectors in anda(Z), b(W) the corresponding Lic(if) -valued formal distributions 
defined by (3.2.10.1). Then 

(3.2.11.1) HZ),b(W)} = ]T (d$ J) 6(Z,W)) (a (j]J) b) (W). 

j>0,.J 

Proof. First we expand 
(3.2.11.2) 

d$ J) 8{z,w) = { n \- l Y~ J °( J )°( N \ i J \ ^z-'-'^w 71 -^. 
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Now using (3.2.10.3) we have: 

(3.2.11.3) [a(Z),b(W)}= J2 ^(-l) {I - mN - J) cr(I)a(J,I\J)x 



x a(I \J,(N\K)\(I\ J))Z -^\nM w -i-Mn\k ^ ^.^^ . 

On the other hand we have 
(3.2.11.4) 

w -l-k\N\K = a{1 \J^ N \ K ) \ (/ \ J ))W n-3\I\J w -l-k-n+m\KW\J) ) 

and, due to (3.1.1.1), 

(3.2.11.5) a(I)a(J, I \ J) = (-l)^-^ N -^a{N \I,I\ J)a(J). 

Now substituting (3.2.11.4) in (3.2.11.3) and using (3.2.11.5) we obtain (3.2.11.1). 

□ 

Proposition 3.2.12. Let S% be an Nw = N SUSY Lie conformal algebra, then the 
pair (Lie(£%),&) is an Nw = N SUSY formal distribution Lie superalgebra. 

Proof. The fact that the family of distributions (3.2.10.1) is closed under (j\J)- 
th products and that they are pairwise local follows from Proposition 3.2.11 since 
a U\J)b = for j in M. The fact that this family is closed under the derivations 
d z ,d@i follows from the following identities which are straightforward to check 

( Ta )u\J) = ~3 a U-MJ)i 

(3.2.12.1) 

(S l a)(j\j) = cr(e l7 N\ J)a^\ j\ ei ). 

□ 

3.2.13. Note from (3.2.9.1) that (— d w , —d^i) are derivations of the (0|0)-th product 
of 3%. Since these operators supercommute with (T,S l ), they induce derivations 
(T, 5* 1 ) of the Lie superalgebra Lie(^), given by the formulas: 

T ( a U\J)) = -J a (j-i\J), 
(3-2.13.1) qi , x j<r(N\ J,ei)a U \ Aei) if i e J, 

5K|J)) " \0 Hit J. 

Note that Lie(^) contains a subalgebra Lie(^*)< spanned by vectors au\j) with 
j > 0. This subalgebra, called the annihilation subalgebra, is stable under the 
action of V = (T,S 4 ). 

Moreover, it is straightforward to check, using (3.2.13.1), that the formal distri- 
butions (3.2.10.1) satisfy: 

(3.2.13.2) Ta(Z) = d z a{Z), S l a{Z) = d g ,a(Z) 

namely, the Nw = N formal distribution Lie superalgebra (JAc(3&),M) is regular. 

3.2.14. Recall that we have defined (j|J)-th products of formal distributions for 
j > in 3.2.1. In order to define these products for j < we let for a formal 
distribution a(Z) = J2 Z^ J aj\j: 

a + (Z)= ZJlJa 3\J> *-(Z)= ZjlJa i\J 

U\J)-j>0 (j\J):j<0 
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It follows easily from the definitions that 
(3.2.14.1) 

a+(W) = resz i z , w (Z - Wy MN a(Z), a-(W) = - rcs z i w , z (Z - Wy MN a(Z). 
Indeed, we have 

i z , w (Z-W)- llN = Y {-l) J cr{J)W^ J Z- x - m ^ J . 

(m| J):m>0 

Hence: 

res z i z , w (Z-W)- llN a(Z)= res z Y {-^Y ^{J)W MJ Z~ x - m \ N ^ J Z^ 1 a n]I 

(m|J):m>0 
(n\I):n£Z 

= res z Y, (-^) J ^(J)cx(N\J,J)W m \ J Z-^ N a ml j 

(m\J):m>0 

= Y wMJa m\J = a+(W). 

(m\J):m>0 

The second equation in (3.2.14.1) follows similarly, or by noting that it is a conse- 
quence of the first equation in (3.2.14.1), the definition of the 5 function (3.1.6.1) 
and property (5) in 3.1.6. Differentiating (3.2.14.1) we find: 

{-l) JN d$ J) a(W) + = a(J) resz i z , w {Z ~ W)-^ N \ J a(Z), 
(3.2.14.2) W t n 

(-l) JN d$ J) a(W)- = -a{J)rcs z i w AZ -W)- 1 -^ a(Z). 

These equations (3.2.14.2) are called the super Cauchy formulae. 

Definition 3.2.15. Let V be a vector supcrspace. An End(y)-valued formal dis- 
tribution a(Z) is called a field if for every vector v G V we have a(Z)v G V((Z)), 
i.e. there are finitely many negative powers of z in a(Z)v. For two such fields we 
define their normally ordered product to be 

(3.2.15.1) : a(Z)b{Z) : := a+(Z)b(Z) + (-l) ab b{Z)a_{Z) 



3.2.16. The normally ordered product of fields is again a well defined field. Indeed, 
when applied to any vector v G V the first summand in (3.2.15.1) clearly has finitely 
many negative powers of z since b(Z)v G V((Z)) and a+(Z) has only non-negative 
powers of z. For the second summand we see that a-(Z)v G V[Z, namely it 

is a Laurent polynomial with values in V, therefore b(Z)a-(Z)v G V((Z)) as we 
wanted. 

Lemma 3.2.17. 

(3.2.17.1) : a(W)b(W) := res z [i z , w (Z - Wy m a(Z)b(W)- 

-{-i) ab i w , z {z - wy 1 \ N b{w) a {z)) . 



Proof. This is immediate by (3.2.14.1). 



□ 
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3.2.18. Given the last lemma and the Cauchy formulae (3.2.14.2) it is natural to 
define 

(3.2.18.1) a(W) { ^ m \j } b(W) = a(J)(-l) JN : (d { j} J) a{W)) b(W) : . 

Differentiating (3.2.17.1) we find: 

«W(-i-i|iV\J) KW) = res z ((i z , w {Z - W)~ 1 ~^ N ^ J ^j a{Z)b{W)~ 

-(-f) ah (i w ,z{Z- Wy 1 "^') b{W)a{Z)) . 
Similarly, from the definition of the j\ J-th products for j > in 3.2.1 we have: 
(3.2.18.2) 

resz ((i z , w (Z - W) j \ J ) a(Z)b{W) - {-l) ah (i w , z (Z - W f J ) b{W)a{Z)) = 
= res z (Z - W) jlJ (a(Z)b(W) - (-l) ab b(W)a(Z)) = 

= rcs z (Z- Wy lJ [a{Z),b(W)} = a{W) ulJ) b(W). 

Therefore we have proved that for every j £ Z and every tuple J we have: 
(3.2.18.3) a(W) ulJ) b(W) = res z ({i z<w {Z - W)^) a(Z)b(W)- 

-(-i) afc (%v,Az - w Y lJ ) KW)a(Z)) . 

Proposition 3.2.19. The following identities analogous to sesquilinearity for all 
pairs j | J are true: 

(d w a(W)) ulJ) b(W) = - ]a (W) ( ^ lVJ) b{W) 
d w (a{W) {m b{W)) = (d w a(W)) (m b(W) + a(W) m) d w b(W) 
(3.2.19.1) (d c a(W)) {jlJ) b(W) = a(J\e t7 e t )a(W) ulJVl) b(W) 

% (a(W) m) b(W)) = (-l) N - T ((d a(W)) (jl J) b(W) + 
+ (-l) a a(W) ulJ) (d c *b(W))) , 

where ej is the tuple consisting of only one element {i} and we recall that we are 
defining cr(e 2 ; , J \ e,) to be zero if i ^ J . 

Proof. The first two equations are standard and their proof is similar to the last 
two. We will prove the last two equations by using (3.2.18.3). If i £ J the result is 
obvious. 

(3.2.19.2) 

veszizAZ -W)rt J d e .a(Z)b{W) = -(-l) J res z [d e d z , w {Z - W) jV ) a(Z)b(W) 
= -(-l) J <7(e 4 , J \ ei) rcs z i z , w {Z ~ W) 3 ^ a{Z)b{W). 
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Similarly we have: 

(3.2.19.3) - (-l)( a+1 )<> rcSz i w>z (Z - W) jl J b(W)d e ,a(Z) = 

= (-l) ab+J rcs z (d ei i w , z {Z-Wy\ J ) b(W)a(Z) = 

= {-l) ab+J a(e t , J \ ei) res z i w , z (Z - Wy^ e 'b(W)a(Z). 

Adding (3.2.19.2) and (3.2.19.3) and using (3.1.1.1), we obtain the third equation 
in (3.2.19.1). 

Finally, to prove the last relation in (3.2.19.1) we expand: 



(3.2.19.4) d C i {a(W) U \ J) b(W)) = % res z [i z , w (Z - W)^ J a(Z)b(W)- 

- {-\) ah i w Az -wy\ J b{w)a{z)) = 

{-l) N vcs z (-a(e i> J\e i )i z , w (Z-Wy^ ei a(Z)b(W)+ 

+{-^) J+a ^Az - wy\ J 'a(z)d c ,b(wy 

-{-l) ab a{e i ,J\e i )i w , z {Z-Wy^ e %W)a{Z)- 
-(-l) ah+J i w ^Z - W)^ J d (i b(W)a(Z)) = 
= -(-l) N a(e. l ,J\e l )a(W)u\J\e t )KW) + (-l) N+J+a a{W) U \ j)d?b(W) = 
= (-l) N - T ((d^aiW))^ b(W) + (-iya(W) ulJ) d c b(W)) 



□ 



Proposition 3.2.20. The following identity holds for any (j| J) and any three fields 
a = a(W), b = b(W), c = c(W): 

(3.2.20.1) [a A (b (j]J) c)} = 

= £ (-l) (a+A ' +JV)(J+JV V(J,X)A(^)[a A 6] (j+fc|JuA . )C + 

(k\K):k>0 

+ ( _ 1) (a+iV)(6 + iV- J ) b( . |j)[aAc] _ 



Proof. The left hand side is 

(3.2.20.2) resz cxp {{Z - W)K) [a(Z), {b{W) w) c(W))\ = 

= rcs z cxp {{Z - W)A) ([a(Z),ies x i x , w (X - W) jl J b(X)c(W)}~ 

-(-l) bc [a(Z), res x i w , x (X - W)*\ J c{W)b{X)]) = 
(_ya(N-j) resz resx exp ((z _ W)K) ix w{x _ W y\J[ a (z),b(X)c(W)}- 
- (-l) b -+< N - J ) res z res A - cxp {(Z - W)A) i w , x (X ~ W)^ J [a(Z), c(W)b(X)] 
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Using the identity [a, be] = [a, b]c + (— l) ab b[a, c] we can write the first term of the 
RHS of the last equality as: 

(3.2.20.3) (-l)^-' 7 ) res^resjc cxp ((Z-X+X- W)A) x 

x i x , w {X - W) jlJ [a(Z), b(X))c(W) + (-l) a ( iV - J + i, ) res z rcs x exp ((Z - WO A) x 
x i x>w (X -W) j \ J b(X)[a(Z),c(W)} = 
= (-l) a ^- J)+N+JN ves x exp((X - W)A)i x , w (X - wy\ J [a A b}(X)c(W) + 
+ { _ 1)a{N -j +b)+N+JN+ w TeSxixAx _ W y\J b{X) [a A c](W) = 

= f- 1 \(a+N)(N-J) TeSx y (zllZZ A k\K x 

^-^ kl 

(k\K):k>0 

x i x , w (X - W) k \ K {X - Wy\ J [a A b}(X)c(W) + 
+ (-l)( a + N X N - J +») res x i x , w (X - Wy\ J b{X)[a A c]{W) = 

= { _ l){a+ N) { N-j) veSx y 2+ a{K ,J)x 

£ — ' kl 

(k\K):k>0 

x A k \ K i x , w {X - W) k+llKuJ [a A b](X)c(W)+ 

+ (-l)(-+ N )( N -J+o) resx i x , w (X ~ W) jl J b(X)[a A c](W) 

Similarly the second term in the RHS of the last equality of (3.2.20.2) can be written 
as: 

(3.2.20.4) - (-i)bc+a(N-j) reSz reSx exp ^ z _ w ^ x 

x i w , x (X - wy\ J [a(Z), c(W)]b(X) - (-ifc+a{N-j+c) resz resx x 

x cxp ((Z - W)A) i WjX (X - Wy\ J c{W)[a{Z), b(X)} = 
= _ { _ l)bc+a{N .j )+N+ j NTesx . w ^ x _ w y\J [aAc]{w)b{x) _ 

_ ^bc+(a+N)(N-J+c) ICSx exp ^ X _ W ^ ^ _ W )]\J c (W)[ ahb ^ X ) 

= - { -iycHa+N)(N-j) msx lw x(x _ W y\J[ aAC ](w)b(X)- 
_ i _ 1)bc+{a+ N K N-j + c) TeSx y bllZZ^ x 

(k\K):k>0 

x a{K, J)A k \ K t WiX (X - W) k+ 3- KuJ c(W)[a A b](X). 

Now adding (3.2.20.3) and (3.2.20.4) we get (3.2.20.1) (recall that the A-bracket 
has parity N mod2). □ 

Remark 3.2.21. If we multiply both sides of (3.2.20.1) by 

J(J+l + 2q) 

2 ri\J 

jl 

and sum over all pairs (j\J) with j > we obtain the Jacobi identity for the A- 
bracket that we have already proved in Proposition 3.2.2. Therefore, the identities 
(3.2.20.1) for j > are equivalent to the Jacobi identity (3.2.3.1). 
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Next we note that if we replace b by d w b in (3.2.20.1) we obtain the same identity 
with j replaced by j — 1 whenever j < — 1. Similarly, replacing b by d^b we obtain 
the same identity with J replaced by J \ e;. It follows the identity (3.2.20.1) is 
equivalent to the Jacobi identity (3.2.3.1) and (3.2.20.1) with (j\J) = (— 1|JV). In 
this case the formula (3.2.20.1) looks as follows: 

[ flA : bc : 1 = E ^[«A^(fc-i|v)C+ (-l) (a+JV)b : b[a A c] : 

fe>0 

Rewriting the sum as the sum of the k = term and the rest, this becomes: 

,A 

(3.2.21.1) [oa : be :] =: [a A b]c : +(-l)( a + Ar ) h : b[a A c\ : + / [[a A b} r c}dT. 

Jo 

Here the integral is computed by taking the indefinite integral in the even 
variable 7 of of the integrand, and then taking the difference of the values 
at the limits. This is the super analogue of the non- commutative Wick formula 
[Kac96]. Thus, the identity (3.2.20.1) is equivalent to the Jacobi identity plus this 
non-commutative Wick formula. 

The following lemma is proved as in the ordinary vertex algebra case [Kac96, 
Lem. 3.2]. 

Lemma 3.2.22 (Dong's Lemma). Given three pairwise local formal distributions 
a,b,c, the pair (a, &yij)c) is local for any (J\J). 

3.3. Identities and existence theorem. In this section we define Nw = N 
SUSY vertex algebras, derive their identities, and prove an existence theorem as in 
the non-super case [Kac96, Thm. 4.5]. 

Definition 3.3.1. An Nw = N SUSY vertex algebra consists of a vector super- 
space V, an even vector |0) G V, N odd operators S l (the odd translation opera- 
tors), an even operator T (the even translation operator), and a parity preserving 
linear map Y from V to the space of End(U)-valued superficlds a 1— > Y(a, Z). The 
following axioms must be satisfied: 

• Vacuum axioms: 

Y{a,Z)\Q) =a + 0(Z), T\0) = S^O) = 0, i = l,...,N. 

• Translation invariance 

(3.3.1.1) [S i ,Y(a,Z)}=dg i Y(A,Z), [T, Y(a, Z)\ = d z Y(a, Z). 

• Locality 

(z - w) n [Y(a, Z),Y(b,W)} = for some n g Z+. 

As before, O(Z) is an element of U[[Z]] which vanishes at Z = 0. 

Morphisms between % = N SUSY vertex algebras are linear maps / : Vi — > V2 
such that: 



foT 1 =T 2 of, f(Y 1 (a,Z)b) = Y(f(a),Z)f(b), Va^gFi. 
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3.3.2. Given a Nw = n SUSY vertex algebra V, we can define the (j\J) product 
of two vectors of V as follows. Expand the field Y(a, Z) for a £ V: 

(3.3.2.1) Y(a,Z)= £ Z^-^a^, 

and define the j\ J-product of two vectors in V as: 

(3.3.2.2) a (j\J) b:=a (j\J)( b )- 

This is a C-bilinear product on V of parity N — J mod 2. We can rewrite the 
axioms of the vertex algebra in terms of these products. For example, the vacuum 
axioms are equivalent to: 

(3.3.2.3) O(-i|i\0|0) =o, a OV) |0)=0 if j > 0, 

(3.3.2.4) T\0) = S' l \0) = 0. 

and translation invariance is equivalent to: 
[T,a ulJ) ] = -jaQj_nj), 

(3.3.2.5) ja(N\J, ei )a ulJVi) Hi € J, 

^'°ww]-{ if i ^ J. 

Of course the fact that y(a, Z) is a field is equivalent to atjinb = for j 3> 0, 
given a, 6 G V. 

Theorem 3.3.3. Lei ^ be a vector superspace and V a space of pairwise local 
End( 1 ^') -valued fields such that V contains the constant field Id, it is invariant 
under the derivations d Zl dgi and closed under all (j\J)-th products. Then V is 
a Nw = N SUSY vertex algebra with vacuum vector Id, translation operators 
Ta(Z) = d z a{Z) and S l a(Z) = dgi.a(Z), and the (j\J) products are given by the 
RHS of (3.2.18.3) multiplied by cr(J) 4 . 

Proof. To check the vacuum axioms we have: 

a{Z) (jVJ) l = a(J)resz(Z - W) jlJ [a(Z),l] = if j > 0, 

a{Z) { _ m) l =: a(Z)l := a{Z), d z l = %1 = 0. 

To check translation invariance we have: 

d z (a(Z) U \j)b(Z)) - a(Z) m) d z b(Z) = (d z a(Z)) (jlJ) b(Z), 

but this is —ja(Z)(j_i\j-)b(Z), according to (3.2.19.1). Therefore we see that the 
first equation in (3.3.2.5) holds. For the odd translation operators we write (note 
that the parity of is a + N — J since Y is parity preserving and our choice of 

decomposing the field in (3.3.2.1)): 

a(J){d ei (a(Zh\j)b(Z)) - {-l)°+ tf - J a(Z) ( j ]J) d et b(zj) = 

= (-l) N - J a(J)(deMZ))u\J)b(Z), 

and again by (3.2.19.1) we see that this is 

-(-l) JV CT(J)CT(e ! ;, J\e i )a(Z)^ij\ e . ) b(Z) = a(N\J,e 1 )a(J\e l )a(Z) ulAe . ) b(Z), 

^This normalization becomes is necessary because of our choice in (3.2.18.1), see also Theorem 
3.3.9 
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proving the second identity in (3.3.2.5). In order to check locality, we expand 
(3.3.3.1) 

Y(a(W),X)b(W)= Yl criJ^-^aiW^KW) 

= res z ]T (-1) {N - J)N 'J(J)X^ n \ j x 

x (i z , w {Z - W) j \ J a(Z)b(W) - (-l) ab i w , z (Z - Wy\ J b(W)a(Z)J 

= res z (-l) N - J <r(J)(i*AZ-Wy\ J X-^ N \ J x 
U\J)-.jei. 

x a(Z)b(W) - {-\) ah i w , z {Z - Wy lJ X- 1 -^ N \ J b(W)a(Z)y 

We note that 

(3.3.3.2) i z , w {-l) (N - ,) cr{J){Z^Wy\ J X- 1 -^ J = i z , w 5{Z-W 1 X). 

Therefore the RHS of (3.3.3.1) reads: 

rcs z (i z , w 5{Z - W, X)a(Z)b(W) - (-l) ab i Wi J(Z - W, X)b(W)a(zj) . 

With this last equation we can compute then the commutator [y(a(W / )), y(6(W / ))]c(W / ). 
Indeed, the product Y(a(W), X)Y(b(W), Y)c(W) is given by: 

(3.3.3.3) rcs z re Sc/ (i u , w i z , w 5{U - W, X)8{Z - W, Y)a{U)b{Z)c{W)- 

- {-l) bc iu, w i w ,AU - W, X)S(Z - W, Y)a{U)c{W)b{Z)- 

- {-l) a{b+c) i w ^ w S(U ~ W, X)S(Z - W, Y)b(Z)c(W)a(U) + 

+ (-l) a{b+c)+bc i w ,ui w , z S(U - W, X)S(Z - W, Y)c{W)b{Z)a{U)) , 

and we get a similar expression for the product Y(b(W), Y)Y(a(W), X)c(W). Sub- 
tracting we obtain: 

(3.3.3.4) [Y(a(W),X),Y(b(W),Y)}c(W) = 

res z resu (i u , w i z , w S(U - W, X)5{Z - W, Y) [a(U), b(Z)]c(W)- 

- {-l) {a+b)c i w , u i WtZ 8{U - W, X)S(Z - W, Y)c(W)[a(U),b(Z)}) . 

Let n G Z+ be such tht (u - z) n [a{U), b(Z)} = 0. Multiplying (3.3.3.4) by (x - y) n 
we obtain that the RHS vanishes. Indeed, using 

(x - y) = (z - u) - ((z -w)-x) + ((u -w)- y), 

we see that all terms in the expansion of (x — y) n vanish when multiplied by 5 
functions, with the exception of (z — u) n . But this term vanishes when multiplied 
by the factors [a(U),b(Z)] in (3.3.3.4). Therefore we have proved locality and the 
theorem. □ 

Corollary 3.3.4. Any identity on elements of an Nyy = N SUSY vertex algebra, 
holds for any collection of pairwise local fields. 
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Lemma 3.3.5. Let V be a vector superspace and let |0) be an even vector ofV. Let 
a{Z),b(Z) be two End(V) -valued fields such that a(Z)\0) G V[[Z}} and b(Z)\0) G 
V[[Z]]. Then for all (j\J), a(W) {j \ J} b(W)\0) G V[[W}] and the constant term is 

(3.3.5.1) f7(J)a(j|j)6(_i|iv)|0). 



Proof. Applying both sides of (3.2.18.3) to the vacuum, we see that the second 
term on the RHS of (3.2.18.3) vanishes since it contains only positive powers of z. 
The first term in the RHS contains only positive powers of w since i z , w (Z — W)^ J 
does and b(W)\0) G C[[W}]. Letting W = we get 

(3.3.5.2) a{W) ulJ) b(W)\0)\ w=o = res z Z^ J a{Z) (&(-i W |0» . 

It follows from (3.1.2.2) that the RHS of (3.3.5.2) is (3.3.5.1). □ 

The following lemma is straightforward 

Lemma 3.3.6. Let A and B±, . . . , be linear operators on a vector superspace 
$1 ' . Suppose that A is even and Bi are odd and they pairwise (super) commute, i.e. 
ABi = BiA, BiBj = —BjBi. Then there exists a unique solution f(Z) G W[[Z]] 
to the system of differential equations: 

(3.3.6.1) d z f(Z) = Af(Z), d ei f(Z) = BJ(Z)(i = l,...,N), 

for any initial condition /(0) = fa. 

Proof. Using (3.3.6.1), the coefficients of f(Z) can be computed by induction, given 
Jo- ' □ 

Proposition 3.3.7. Let V be a Nw = N SUSY vertex algebra. Then for every 
a,b G V: 

(a) Y(a,Z)\0) = exp(ZV)a. 

(b) exp(ZV)F(a, W) exp(-ZV) = i w , z Y{a, Z + W). 

(c) Y(a,Z) (jlJ) Y{b,Z)\0}=a(J)Y(a {jlJ) b,Z)\0}, 

where V = (T, S\ . . . , S N ) and ZV = zT + 6 l S l . 

Proof. We note that both sides in (a) and (c) are elements of V[[Z]] whereas both 
sides of (b) are elements of End(V)[[W, H^ -1 ]] [[Z]]. Note that by evaluating at 
Z = we get equalities in all three cases, the only non-trivial case is (c), but it 
follows from Lemma 3.3.5. Let us denote the right hand side in each case by X(Z). 
It is easy to show that it satisfies the following systems of equations respectively: 

(1) d z X{Z) = TX{Z), and d 6 iX{Z) = S l X{Z). 

(2) d z X{Z) = [T,X(Z)\ and d 6 iX(Z) = [S\X(Z)] by the translation axioms. 

(3) d z X{Z) = TX(Z) and d e ,X{Z) = S' l X{Z) by the translation axioms (re- 
call that T|0) = S l \0) = 0). 

In order to apply Lemma 3.3.6, we have to show that the left hand side of (a), (b) 
and (c) satisfies the same differential equations (1), (2) and (3) respectively; 

(1) It is immediate by the translation invariancc and the second of the vacuum 
axioms. 
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(2) Denoting Y{Z) = e zv Y{a, W)e~ zv , we have: 

d z Y(Z) = TY(Z) - Y(Z)T = [T,Y(Z)j, 
and similarly: 

d g ,Y(Z) = S l Y(Z) + (-l) a e zv Y( ai W)(-S' l )e- zv 
= S' l Y{Z) - {-l) a Y{Z)S l = [S\Y(Z)]. 

(3) Denote Y(Z) = Y(a, Z)u\ j)Y(b, Z)\0) and recall that from Proposition 
3.2.19, d z and dgi are derivations of the (j\J) products. To simplify nota- 
tion, wc will denote a(Z) = Y(a, Z) and b(Z) = Y{b, Z). Wc have: 

S i Y(W) = S'rcszfizAZ- W) j \ J a(Z)b(W)\0)- 

- {-i) ab i w Az ~ Wy\ J b{W)a(Z)\0)) = 
= (-l) N+J res z (i z , w (Z-W) j \ J [S\a(Z)]b(W)\0) 
+ (-iyi z ^Z-W)^ J a(Z)lS\b(W)]\0)-(-l) a H w AZ-W) j V 

-(-l) ab+b i w AZ-Wy\ J b{W)[S\a{Z)]\0)), 

and, using S"|0) =0, 
= (-1) N+J res z (i z , w (Z -Wy\ J (d e ,a(Z))b(W)\0) + 

+ {-l) a i z , w (Z - Wy\ J a{Z){d^b{W))\Q)- 

-(-i) a \ w Az-wy\-\d c Mw))a(z)\o)-(-iy b +\ w Az-w^^ 

= (-l) N+J ((d ci a(W)) m) b(W) + (-iya(W) ulJ) (d c ,b(W)))\0) = 

= d ci (a(W) (jlJ) b(W)\0)) . 

The proof for T is similar. 

□ 

Proposition 3.3.8 (Uniqueness). Let V be a Nw = N SUSY vertex algebra and 
let a(Z) be an End(U) -valued field such that the pair (a{Z),Y(b, Z)) is local for 
every b £ V, and a(Z)\0) = 0, then a(Z) = 0. 

Proof. By locality there exists n € Z + such that 

(z - w) n a(Z)Y(b, W)\0) = {-l) a \z - w) n Y(b, W)a(Z)\0) = 0. 

By Proposition 3.3.7 (1), the left hand side is (z - w) n a(Z)e wv b. Letting W = 0, 
wc get z n a(Z)b = 0, and this holds for all b, therefore a(Z) = 0. □ 

As a simple corollary of the previous proposition and Proposition 3.3.7 we obtain 
the following 

Theorem 3.3.9. In an Nw = N SUSY vertex algebra the following identities hold 

(1) Y(a,(j\ j)b, Z) — cr( J)Y (a, Z)(j\ j)Y(b, Z) ( (j\J)-th product identity). 

(2) Y(a { - m) b, Z) =: Y(a, Z)Y{b, Z) :. 

(3) Y(Ta,Z) =d z Y(a,Z). 

(4) Y{S l a,Z) = d 6 iY(a,Z). 
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(5) We have the following OPE formula (the sums are finite): 
(3.3.9.1) 

[Y(a,Z),Y(b,W))= o-(J)(d$ J) 6(Z,W))Y(a ulJ) b,W) 
U\J)-d>o 

= - f «.«)( z - Wy^^Yia^b, W). 

Proof. (1) is the combined statement of Dong's Lemma 3.2.22, and Propositions 
3.3.8 and 3.3.7 (c). (2) follows from (1) by letting j\J = -1\N. To prove (3) 
we write, using (3.3.2.5), the (— 2|iV)-product identity, (3.2.18.1) and the vacuum 
axiom: 

Y(Ta, Z) = F(a ( _ 2 , JV) |0}, Z) = Y(a, Z) { _ m) Id =: 8 z Y(a, Z) Id := d z Y(a, Z). 
(4) follows similarly: 

Y(S i a,Z)=Y(a ( ^ NVi) \0),Z) = 

= -a(N \ e^e^a^N \ ei)(-l) N : d 9 iY(a, Z) Id := d 0i Y{a, Z). 

Finally (5) follows from (1) and the decomposition Lemma 3.1.7 □ 

Corollary 3.3.10. Let e t = {i}. One has (cf. (3.2.19.1)): 

( Ta )u\J) = -.? a (j-i|J)> ( s%a )(j\J) = <r(e ! ,iV\J)a (j |j\ iei) , 
T ( a U\J) b ) = ( Ta )(j\J) b + a U\J) T ( b )> 
S*(ay|j)6) = (-l) JV - J ((S i a) (j -| J) 6 + (-l)°o Cj -| J) 5*6). 

Lemma 3.3.11. 

i XiZ 5(X -Z,W) = i w , z S(X, W + Z). 

Proof. For simplicity let us assume N = 0, the general result follows easily. Denote: 

ip = ix,zix-z,w(x -w - zy 1 G C[[x,x _1 ,z,z _1 , w, w' 1 }}, 
¥ = i w ,zix,w+z{x - w- zy 1 e C[[x, x' 1 , z, z~ x , w, w™ 1 ]] 

It is straightforward to check that both ijj and ip are elements of A'[[z,w]] where 
K = C((x)). On the other hand, since both compositions i x ,zix-z,w and i w ,zix.w+z 
commute with multiplication by x, z and w, we have {x — w — z)(ip — if) =0, hence 
%l> = ip, since A[[z, w]] has no zero divisors. Similarly, we have: 

{i>x jZ^W ,x — z ^w, z^w+z, x) (^ ^ ^) 0; 

and the lemma follows. □ 

3.3.12. Taking the generating series in Theorem 3.3.9(1) we obtain for the left hand 
side: 

J2 W^-^Yia^b, Z) = Y (Y(a, W)b, z) . 
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On the right hand side we obtain 

W- 1 -^ a{J) resx (i x , z (X ~ Zf J Y(a, X)Y(b, Z)- 

- (-i) ab i z , x {x - zy\ J b{z)a{x)) = 

= res x J2 (-l) NV <J)(^AX-Zy\ J W- 1 -^ N \ J Y(a,X)Y(b,Z)- 

- (-l) a % x (X - zy^W^-^Yib, Z)Y{a, A)) . 

But, according to (3.3.3.2), this is 
(3.3.12.1) 

resx (i x J{X - Z, W)Y(a, X)Y(b, Z) - (-l) ab i z . J(X - Z, W)Y(b, Z)Y(a, A)) . 

Using Lemma 3.3.11, the first term gives 

(3.3.12.2) i w , z Y{a, W + Z)Y(b,Z). 

In order to compute the second term we expand in Taylor series (cf. 3.1.3.2) 
i z , x S(X -Z,W)= {-^) K X k \ K d ( 3 z K) 5{-Z, W). 

(k\K):k>0 

Hence the second term in (3.3.12.1) reads: 

-(-l) afc res x ]T {-l) K X k \ K d i z klK) S{-Z,W)Y(b,Z)X~ 1 ^ N \ I a {nlI) = 

(k\K):k>0 

= -resx {-l) ab+{N - I)[h+N - K)+K °{K,N\I)x 

(k\K):k>0 

x X k-l-n\KVJ(N\I) d {k\p 5{ _ z ^ w)Y{h ^ z)a ^ = 

= E (-l) (o+JV - if)6+ ^W5i fc f ) 5(-^W)F(6,Z)a (fc | K) . 

{k\K):k>0 

Adding this to (3.3.12.2) and changing Z by — Z we obtain the important formula 

(3.3.12.3) Y(Y(a, W)b, ~z) = i w , z Y(a, W - Z)Y(b, -Z)- 

£ {-l) [a+N - K)b+N °{K)dP K) 5{Z, W)Y(b, -Z)a m . 

(k\K):k>0 

Note now that by acting on any vector c G V and multiplying this last equation by 
a sufficiently high power of [z — w) the second term vanishes, therefore we obtain 
associativity for the vertex operators, namely: 

(3.3.12.4) (z- w) n Y(Y (a, W)b, -Z^c = {z~w) n Y (a, W-Z)Y(b,-Z)c, n > 0. 

As in [FBZ01, 3.2.3] we obtain an equivalent formulation which is called the 
Cousin property. Recall the embedding: 

i z , w :C((Z,W))^C((Z))((W)) 

Given / £ C((Z, W)), i ZiW f is called the expansion of f in the domain \z\ > \w\. 
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Corollary 3.3.13 (Cousin property). For any Nw = n SUSY vertex algebra V 
and vectors a, b, c £ V , the three expressions: 

Y{a, Z)Y(b, W)c £ V({Z)){{W)) 

(-l) ab Y(b, W)Y(a, Z)c £ V{{W)){{Z)) 

Y (Y(a, Z - W)b, W)c£ V{(W))((Z - W)) 

are the expansions, in the domains \z\ > \w\, \w\ > \z\ and \w\ > \w—z\ respectively, 
of the same element of V[[Z, (z — w)^ 1 ]. 

Proof. By the locality axiom, there exists n £ Z + such that: 

(z - w) n Y(a, Z)Y{b, W)c = (-l) ab (z - w) n Y(b, W)Y(a, Z)c. 

Since the LHS is an element of V{{Z))((W)) and the RHS is an element of V({W))((Z)), 
it follows that they are both equal to some <p £ V[[Z, W]] w" 1 ] (cf. (3.1.2.3)). 
Since i ZtW and i W}Z are algebra morphisms, we get 

Y(a, Z)Y(b, W)c = i z>w 9 {~l) ab Y(b, W)Y(a, Z)c = i w , z 9 

[z — w) n [z — w) n 

The rest of the corollary is proved in a similar way, using (3.3.12.4). □ 

Theorem 3.3.14 (Skew-symmetry). In an Nw = N SUSY vertex algebra the 
following identity, called skew-symmetry, holds 

(3.3.14.1) Y(a, Z)b = (-l) ab e zv Y(b, -Z)a 



Proof. By the locality axiom we have for n 

(z - w) n Y(a, Z)Y(b, W)\0) = (z - w) n (-l) ab Y(b, W)Y{a, Z)\0) 
Now by (1) in Proposition 3.3.7 we can write this as: 

(3.3.14.2) (z - w) n Y{a, Z)e wv b = (z - w){-l) ab Y(b, W)e zv a 
= (z~w) n (-l) ab e zv e- zv Y{b,W)e zv a= (z-w) n (-l) ab e Zv i WtZ Y(b,W - Z)a, 

where in the last line we used (2) of Proposition 3.3.7. Now both sides in (3.3.14.2) 
are formal power scries in W . Indeed, since butj^a = for j > we see that 
by making n large enough we may assume that there are no negative powers of w 
in the RHS. Wc can then let W = in (3.3.14.2) and multiply by z~ n to obtain 
(3.3.14.1). □ 

3.3.15. Expanding both sides in (3.3.14.1) we have: 

J2 z-^»\ J < HjlJ) b = (-iy b ( J2 vfW)x 

(j\J)-jez (J\J)-j>o 
£ (-Z)-^ N \ K b {klK) a) = (-!)«* £ (-l) 1+k+N - K V^x 

{k\K):k£Z <,i\Jy-3>° 

(k\K):keZ 

xa(J : N\K)Z^~ k ^ N ^b {klK) a 
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Taking the coefficient of Z 1 n \ N V on both sides we get: 
(3.3.15.1) a (nlI) b=(-iy» J2 



+N+J-I 



j>o,Jn/=0 

x (-V)^ J) a(N\ (JU J), J)b in+Jlluj) a. 
In particular, when (n\I) = (— l\N) in (3.3.15.1), we get: 

: ab : -(-l) ab : ba := (-l)^tll (b ( _ 1+j]N) a) , 
or, equivalently, after exchanging a and b: 

,o 

(3.3.15.2) : ab : -(-1)° 6 : 6a := / [a A 6]dA. 

Identity (3.3.15.2) is called the quasi- commutativity of the normally ordered prod- 
uct. 

3.3.16. Define the following formal Fourier transform by 

F^a(Z) = rcs z e ZA a(Z). 

It is a linear map from the space of ^-valued formal distributions in Z to ^[[A]]. 
It has the following properties which arc immediate to check: 



(3.3.16.1) 


F A d z a{Z) = 


-XF A a(Z), 


(3.3.16.2) 


F A d e ,a{Z) = 


-(-i) n x 1 fMz), 


(3.3.16.3) 


F A (e^a(Z)) = 


F A+v a(Z) if a(Z)£W((Z)), 


(3.3.16.4) 


F A a(-Z) = 


-F z A a(Z), 


(3.3.16.5) 


F A (d w ^S(Z,W)) = 


{-l) JN e WA A^ J \ 



Theorem 3.3.17. Let V be a N w = N SUSY vertex algebra. Then V is a N w = N 
SUSY Lie conformal algebra with A-bracket: 

(3.3.17.1) [a A b]=F A Y(a,Z)b = £ (-1) JJ V( J)A® j > (a U \ J} b). 

(j\J)-j>o 

Proof. The sesquilinearity relations follow from Corollary 3.3.10 for j > 0. Applying 
F% to both sides of (3.3.14.1) and using (3.3.16.3) and (3.3.16.4) we get the skew- 
symmetry relation. In order to prove the Jacobi identity, apply F% to the OPE 
formula (3.3.9.1) applied to c, and use (3.3.16.5) to obtain (cf. (3.2.20.1)): 

[a A Y(b, W)c] = {-l) ab+bN Y{b 7 W)[a A c\ + e WA Y([a A b],W)c. 

Applying f£ to both sides of this formula we get the Jacobi identity. □ 

Theorem 3.3.18. Let V be a Nw = N SUSY vertex algebra. The following 
identity called ' 'quasi- associativity" of the normally ordered product holds for every 
a, 6, c G V: 

:: ab : c : - : a : be ::= ^ a ( - 2 -j\N) (b(j\N)c) + {-l) ab ^ b (-2-j\N) (a(j\N)c) ■ 
j>o j>o 
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Equivalently 

:: ab : c : - : a : be ::= I / dAa I [b A c] + (-l) ab I / dAb I [a A c], 



^ V rfAa^J [6 AC ] + (-l) ab ^ dA6^J 



where the integral is computed as follows: expand the K-bracket, put the powers of 
A on the left, under the sign of integral, then take the definite integral by the usual 
rules inside the parenthesis. 

Proof. Applying both sides of Theorem 3.3.9 (2) to c and taking the constant 
coefficient, the LHS is :: ab : c :. By (3.2.15.1), the RHS of Theorem 3.3.9 (2) 
applied to c is 

(3.3.18.1) 

£ (-l)(»-«K*+*-J) a{N \ J,7V\ K)Z-^-W^ auiJ) (b WK) c) + 

j<0, J 

k,KUJ=N 

+ E (-l) (JV - 7)( ' +W " K)+a V(7V\A-,^\J)Z- 2 -^ fc l JV \( Jn ^6 (fc | K) (a 0V) c) . 

j>0.J 

k,KUJ=N 

To compute the constant coefficient in the last formula, we let K = J = N, and 

k = — 2 — j, to get 

E a (-2-j|W) (b U \ N) c) + i~l) ab ^2b { - 2 -j\N) (o(j|AT)c) • 
j>-l j>0 

Noting that the term with j = — 1 in the first summand in the last formula is 
: a : be ::, the theorem follows. □ 

We thus arrive to the following equivalent definition of an Nw = N SUSY vertex 
algebra (cf. [BK03]): 

Definition 3.3.19. An N w = N SUSY vertex algebra is a tuple (V, T, S' , [ A -], 
|0), ::), where 

• (V,T, S\ [-a-]) is an Nw = N SUSY Lie conformal algebra, 

• (V, |0), T, S\ ::) is a unital quasicommutative quasiassociative differential 
superalgebra (i.e. T is an even derivation of :: and 5 l (i = 1, . . . , N) are 
odd derivations of ::), 

• the A-bracket and the product : : are related by the non-commutative Wick 
formula (3.2.21.1). 

Proof. We have shown that this definition follows from Definition 3.3.1. For the 
converse, we refer the reader to [BK03]. The proof carries over to the SUSY case 
with minor modifications. □ 

Removing the "quantum corrections" we arrive to the following definition: 

Definition 3.3.20. An N w = N Poisson SUSY vertex algebra is tuple (V, |0), T, 
S\ {-a-}, •): where 

• {V, T, S\ {-a-}) is an Nw = N SUSY Lie conformal algebra, 

• (V, |0),T, S l , •) is an unital commutative associative differential superalge- 
bra, 
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• the following Leibniz rule is satisfied: 

{a A bc} = {a A b}c+(-l)^+ N H{a A c}. 

Theorem 3.3.21. Let V be an Nw = N SUSY vertex algebra. For each a,b 6 V, 
fegZ and K C {1, . . . , N}, the following identity, called Borcherds identity, holds: 

(3.3.21.1) 

(i ZtW (Z - W f K ) Y(a, Z)Y(b, W)-(-l) ab (i w . z {Z - W) k ^ K ) Y(b, W)Y(a, Z) = 

= <r(J,K)a{JUiq(e^ W S(Z,W))Y{a ik+ j\Kuj)b,W). 
j>0,J 

Proof. The LHS of (3.3.21.1) is local since multiplied by (z — w) n for n 3> it is 
equal to 

(Z - W) n+k ^ K [Y{a, Z), Y(b, W)\ = 0, 
by the locality axiom. Therefore we can apply the decomposition Lemma 3.1.7 to 
the LHS of (3.3.21.1). We have 

Cj\j{W) = a(J,K)rcs z ((i z , w (Z - W) k+J ^ KUJ ^j Y(a,Z)Y(b, W)— 

-(-l) ab a(J, K) (i WtZ (Z - W) k+j \ KuJ ) Y(b, W)Y(a, Z)) , 
therefore the theorem follows from (3.2.18.3) and Theorem 3.3.9 (1). □ 
Proposition 3.3.22. Let V be a N w = N SUSY vertex algebra. Then 

(3.3.22.1) [a in]I) ,Y(b,W))= £ (-l) JJV+/JV+ "<7(J)<7(/)x 

(j\jy-j>o 

x (d^W^)Y (a (jlJ) b,W) . 

Lf moreover, n > 0, this becomes: 

(3.3.22.2) [a {n \i), Y{b, W)] = Y{e~ wv a {nlI) e wv b, W). 

Proof. Multiplying the OPE formula (3.3.9.1) by Z n ^ and taking residues we obtain 
in the left hand side a(L)[a( n \i), Y(b, W)], while the right hand side is 

res z J2 (-l) I(N - J) *(J)(d$ J) S(Z,W)Z n \ I )Y(a ul j ) b,W) = 
(j\J)-j>o 

= rcs z (-l) I{N - J) «(J)(d$ J) 6(Z, W)W^)Y(a ulJ) b, W) = 

U\J):j>0 

U\J):j>0 

hence (3.3.22.1) follows. Note that when n > 0, the RHS of (3.3.22.1) is a finite 
sum of fields of V times monomials W k \ K with k > 0. This easily implies that 
this field is local with respect to all fields of V, hence the LHS of (3.3.22.2) is local 
with respect to all fields of V. On the other hand, the adjoint action of V on ar n \ n 
either decreases n or jJJ (cf. (3.3.2.5)). Using the the formula Ade^ = e adx for an 
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even element X of a Lie superalgebra, we get that e~~ w ^ 'ct( n \ne w ^ is a finite sum, 
involving only positive powers of w, hence the RHS of (3.3.22.2) is also local with 
respect to all fields of V. 

To apply the uniqueness theorem, we need to check that both sides agree when 
valuated at the vacuum vector. The left hand side is given by 

[a ( „U),y(6, W)}\0) = a (nlI) e wv b, 

where we used the fact that a(„m|0) = and Proposition 3.3.7 (1). On the other 
hand, by the same proposition the left hand side is 

Y(e CL{n\r,e ,W)\U) = e e a^^e |U), 

and (3.3.22.2) follows. □ 

Remark 3.3.23. As a consequence of (3.3.22.1) we see that by taking the coefficient 
of VK _1_fc ' Jv ^ we obtain the commutator [a(„|j), b( k \ K ^\ as a linear combination of 
Fourier modes of fields in V . This rather complicated formula says that the linear 
span of Fourier modes of End(U)-valucd fields is a Lie superalgebra. In order to 
compute explicitly the Lie bracket, we compute the coefficient of T4^ _1_fe ' 7V \' ff on 
the left hand side of (3.3.22.1) to obtain: 

(3.3.23.1) (-l)^ +N -^ N - K \a HI) ,b {klK) }. 

To compute this coefficient on the right hand side wc first expand: 

/_n J(J ~ 1) I 

(3.3.23.2) (d^W^^W- 1 - 1 ^ = [ / * x 

[n-j)\ 

x er(J, / \ J)a(I \J,N\ L)jyn-i-i-i|(nJMJV\L)_ 

Note that in order for the corresponding term in (3.3.22.1) not to vanish, wc must 
have J C I and in order for the coefficient of W~ x ~ k)[N \ K not to be zero in (3.3.23.2) 
we must have (K 01) C J. Now we set n — j — l — 1 = —1 — k and (/ \ J) U (N \ L) = 
N \ K to obtain I = n + k — j and L = K U (/ \ J) . We get then for the right hand 
side 



(j\J)--j>o 



(-l)^+ / )( w - J >Qa(J)a(/)x 

x <t(J, I \ J)a{I \J,(N\K)\(I\ J))(a ulJ) b) (n+k ^ Ku{AJ)) 
Combining with (3.3.23.1), we obtain: 

(3.3.23.3) [a ( „ |/) ,6 (fc|K) ] = (-l) (a+Ar - /)(JV - K) £ (-l)V-W-0 ( n )a(J)x 
x a(I)a(J,I\J)a(I\J,(N\K)\(I\J)) (a U \J)b) {n+k ^ Ku{IV)y 



3.3.24. We can define the tensor product of two Nw = N SUSY vertex algebras in 
the usual way, namely, let V and W be two Nw = N SUSY vertex algebras. The 
space of states is the vector superspace V <8> W. The vacuum vector is |0)y ® \0}w- 
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Let us denote Yy and Yw the corresponding state-field correspondences. We define 
the state field correspondence Y for V (g> W as 

(3.3.24.1) Y(a ®b,Z) = Y v {a, Z) ® Y w (b, Z) = 

= E (-V a{N - K MN \K,N\ J)Z-^-W^a {jlJ) ® b (MK) , 

(j\J),(k\K) 

where the endomorphism o,u\j) ® fykl/O * s defined to be 

(a (i |j) g> b(k\K))(v ®w) = {-l) {b+N - K)v a ulJ) v <g> 6 (fc |K)W. 

Note that in order for a not to vanish in (3.3.24.1) we must have JUK — N. Finally, 
we let the translation operators be T = Tv®Id+Id®Tw and S l = Sy^Id+Id^S^. 
All the axioms of SUSY vertex algebra are straightforward to check. 

Theorem 3.3.25 (Existence). Let V be a vector superspace, |0) G V an even 
vector, T an even endomorphism of V and S l , i = 1, . . . ,N, odd endomorphisms 
ofV, pairwise anticommuting between themselves and commuting with T. Suppose 
moreover that T|0) = S l \0) = 0. Let & be a family of E,nd(V) -valued fields 

a a (Z) = E Z^-i^a^ 

indexed by a G A, such that 

(1) a a (Z)\0)\ z=0 = a a G V, 

(2) [T,a a (Z)} =d z a a {Z) and [S\a a {Z)\ = d g ,a a (Z), 

(3) all pairs {a a (Z) , aP (Z)) are local, 

(4) the vectors ijy- a (j 1 \j 1 )\^) s P an V ■ 
Then the formula 

(3.3.25.1) y(a^ |Js) ...a^ |Ji) |0),Z) = 

= J] cr(Ji)a- (Z) (jAJs) (. . . a- |j2) (og^, Id) . . . ) 

gives a well defined structure of an Nw = N SUSY vertex algebra on V , with 
vacuum vector \0), translation operators T, S l , and such that Y(a a , Z) = a a (Z). 
Such a structure is unique. 

Proof. Let J£" be the minimal family of End(U)-valued fields containing JP, closed 
under all (j| J)-products and under the derivations d z and dgi, and subject to the 
conditions (l)-(3) of the Theorem. By Theorem 3.3.3, # is an N w = N SUSY 
vertex algebra. Define a map <p : & — ► V by a(Z) i— ► a(Z)\0) z=o- This map 
is surjective by (4). Let a(Z) G ker ip. It follows easily by (2) and the fact that 
T\0) = S' l \0) = that a(Z)\0) = 0. Since ip is surjective, for each b G V, there 
exists b(W) G ip^ 1 ^). By (3) there exists j G Z + such that 

(z - w) 3 a(Z)b(W)\0) = {-l) ab {z - w) j b(W)a(Z)\0) = 

Letting W = and canceling z 3 we obtain a(Z)b = for every b G V, hence 
a(Z) = and ip is also injective. We obtain thus a state-field correspondence 
Y : a i— > Y(a,Z). Formula (3.3.25.1) follows from the (j| J)-product identity in 
Theorem 3.3.9 (1). □ 
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3.4. The universal enveloping SUSY vertex algebra. In this section we con- 
struct maps ip and tp' , used in [Hel06] to define the conformal blocks, and we 
construct an Nw = N SUSY vertex algebra attached to each Nw = N SUSY Lie 
conformal algebra. 

3.4.1. Let V be an Nw = N SUSY vertex algebra. According to Theorem 3.3.17 
it is a SUSY Lie conformal algebra. It follows by Proposition 3.2.12 that the pair 
(Lie(V), V) is an Nw = N formal distribution Lie superalgebra. 

Recall from Lemma 3.2.9 and 3.2.10 the construction of the Lie superalgebra 
Lie(V) = V/VV, where V = V ® c C[X,X _1 ] and W is the space spanned by 
vectors of the form: 

(3.4.1.1) Ta® f(X) + a®d x f{X), S l a ® f(X) + {-l) aN a ® d, r f(X), 

for a G V, f(X) G C[X, X -1 ], and we change the parity if N is odd. 
Let <p : Lie(V) — » End(U) be the linear map defined by 

(3.4.1.2) a <nlI> =a®X n \ I ^(-l) aI a(I)a (nlI) , a G U. 

Similarly, we construct V <&cC((X)) and consider its quotient Lie'(V) by the vector 
space generated by vectors of the form (3.4.1.1), with reversed parity if N is odd. 
Then (3.4.1.2) defines a map tp' : Lie'(V) -> End(U). Comparing (3.2.10.3) and 
(3.3.23.3) and noting the extra factor a (J) in (3.3.17.1) we obtain the following 

Theorem 3.4.2. The maps ip, and ip' are Lie superalgebra homomorphisms. 

3.4.3. Let St be an N w = N SUSY Lie conformal algebra, and let (JAe{M),3$) be 
the corresponding Nw = N formal distribution Lie superalgebra (cf. Proposition 
3.2.12). The Lie bracket in Lie(^) is given by (3.2.10.3). Recall from 3.2.13 that 
Lie(S!) is a regular Nw = X formal distribution Lie superalgebra. In particular, 
it carries an even derivation T and N odd derivations S l , i = 1, . ..,7V defined 
by (3.2.13.1). Moreover, the annihilation subalgcbra Lie(^)< is invariant by these 
derivations. 

Theorem 3.4.4. Let 0% be an Nw — N SUSY Lie conformal algebra. Let V = 
V(M) be the quotient ofU(Lie(&)) by the left ideal generated by Lie(^)<. Then V 
admits an Nw = N SUSY vertex algebra structure whose vacuum vector |0) is the 
image of 1 in V , and the translation operators T , S 1 (i = 1, . . . , TV), are obtained by 
extending the corresponding derivations on Lie(^) by the Leibniz rule. This vertex 
algebra is called the universal enveloping vertex algebra of M. 

Proof. Let & be the family of Lie(^)-valued formal distributions 

& = \a{Z) a£*|, 

where a(Z) was defined in (3.2.10.1). Note that this family defines a family of 
End(U)-valued formal distributions, where the action is by left multiplication. This 
family satisfies (l)-(4) of Theorem 3.3.25. Indeed, (2) follows from (3.2.13.2), (3) 
follows from Proposition 3.2.11 and (4) follows since the vectors with s€f, 

j G Z and J C {1, . . . , N} span Lie(^). The theorem will follow from the existence 
Theorem 3.3.25 if we show that these distributions are in fact End(V)-valued fields. 

For that, given a ai , . . . , a Qs G M, we have to prove that for any a G ffi and 
J C {1, . . . , N}, we have: a^j^a"^^^ . . . a?f ,j ^|0) =0 for n > 0. This is proved 
by induction on s, using (3.2.10.3). □ 



SUPERSYMMETRIC VERTEX ALGEBRAS 



45 



4. Structure theory of Nk = TV SUSY vertex algebras 

4.1. In this section we develop the structure theory of Nk = N SUSY vertex 
algebras, where TV is a positive integer. This kind of structures has been studied, 
in some particular cases, in the physics literature. Roughly speaking an Nk = N 
SUSY vertex algebra is an Nw = N SUSY vertex algebra, where the differential 
operators dgt are replaced by the differential operators 

d% = d% = d ei + e i d z . 

To describe the corresponding SUSY Lie conformal super algebras, perhaps the 
language of H -pseudoalgebras is more convenient [BDK01]. On the other hand, 
we are interested in their universal enveloping vertex algebras and in particular we 
want a description along the lines of the previous sections. 

In order to have a uniform notation between this section and the previous ones, 
given two sets of coordinates Z = (z, 6 l ) and W = (w, £ l ) we will denote 

/ N \ 



w = z-w-^ewe 3 -c J 



4.1.1 

v ' ( N \ 

(o-Q^HiP-C), {z-wy\ J = (z-w-^ex) (e-cY 

iGJ V 1=1 J 

where j £ Z and J is an ordered subset of {1, ... , N}. As before, we define 

Z j \ J = z j 9 J . 

Note that 

N 



(4.1.2) (Z - W)-^ = ]T K 



{z-w] 



k+l 



k=0 

therefore (Z — W)~ 1)[N coincides with that in the Nw = N case: 

(4.1.3) (z~wy 1 \ N = L-zOl. 

z — w 

The differential operators D l z satisfy the commutation relations 

(4.1.4) [D%,B> ! ]=26 i jd„ 

and, as before, we denote for J = (ji, ■ ■ ■ ,jk)'- 
(4.1.5) 



D z ={d„D%,...,D»), D$ J = d>D%...D%, Df ,] = ( *L 2 D f. 

Occasionally, when j = 0, we will write D°J J = D J Z . 

Finally, in this section we will consider not necessarily disjoint subsets I, J a 
{1, . . . , N} as in the Nw = N case. Given / and J, ordered subsets of {1, ... , TV}, 
we will write IAJ = (I \ J) U ( J \ /). Note, however, that still (Z - W) j \ J (Z - 
Wf\ K = if JniV ^ 0. We will use the same formal 5- function S(Z, W) as before. 
Remarkably, the new binomial [Z — W)^ J , given by (4.1.1) "behaves" with respect 
to the operators , in the same way as the old binomials (3.1.3.1) with respect 
to d w J . 
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Lemma 4.2. The following identity is true: 

(4.2.1) D$ J) 5(Z, W) = a(J)(i z , w - i w , z )(Z - W)~ 1 ~ j \ N \ J . 



Proof. Let us assume for simplicity that j = 0, the general case follows easily from 
this, differentiating by w. We will prove the lemma by induction on jJJ. When 
J = 0, it follows from (4.1.3) that (4.2.1) coincides with the formula (1.6.1) for 
5{Z, W). When J = e H = {i}, the left hand side of (4.2.1) is given by 

(0 — C) N 

-D^8{Z, W) = -D l w {i z , w - i w<z )± V— 

z — w 

= -(«.,« - w)(-^) (e ~ c)JVW + c { ^%) 

z — w [z — wy 

On the other hand, using (4.1.2), we get: 



k>0 V ; 



7V\e 



■ *C < 9 c)N \e 



z — w (z — w) 2 

z — w (z — wy 



hence (4.2.1) follows when J = e,. To prove the general case, assume that the 

4 = a(e l ,/\e l ) J D^w e 



lemma is valid for J = I \ ej. Since = a(ei,I\ e^D^D^* we have by the 



induction hypothesis 

(4.2.2) D^SiZ, W) = a(e t , I \ e;)a(/ \(H,N\(I\ ei ))(-l)^x 

x^(v-v)(^-^r 1W(Aei) - 

We expand the last factor as: 



.2.3) D\Z -W)- 1 ^ 1 ^ = - Y,K y ' {6-0 

z — ' (z — w) k+L 

k>l v ' 



\N\(I\ei 



fc>0 ^ ' fc>0 v ' 

Relabeling the indexes we see that the first and last term cancel. Finally we note 
that, by (3.1.1.1): 

(4.2.4) a(e u I \ e i )(j(e i , N \ I)a{I \ e,) = (-l) J a(J). 

Combining (4.2.4), (4.2.3) and (4.2.2) we obtain the lemma for j = 0. □ 

4.3. Most of the results proved in section 3 for the Ny/ = N situation carry over 
to the Nk — N setting with the following modifications. 

• replace d z = (d z ,d g i , . . . , <9 e «) by D z = (d z ,D%, ...,D%), 

• replace Z-W= (z- w,6 i - C) by Z -W = (z - w - Yh=i 9 i C,0 j ~ C J ) , 
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• replace (Z - W)^ J = (z - w) j Y[ l£j {0 1 - 0) by 

(z - wy\ J = (z- w -J2 ox 1 ) n^ 1 - C 1 ), 

V i=l ) i£j 

• replace the commutative associative "translation" superalgebra C[T, S l ] by 
the non-commutative associative "translation" superalgebra Jf? generated 
by the set V = (T, S 1 , . . . , S N ), where T is an even generator and S l are 
odd generators, subject to the relations: 

(4.3.1) [T,S*]=0, [S\S j } = 25 i:i T; 

• replace the commutative associative "parameter" superalgebra C[X,x 1 } by 
the non-commutative associative "parameter" superalgebra Jzf , generated 
by the set A = (A, x 1 , ■ ■ ■ , X N )- where A is an even generator and x % are 
odd generators, subject to the relations: 

(4.3.2) [A,xi=0, [ X i ,X j ] = -2S ij X; 

Note that we have an isomorphism Jif — > «5f given by V i— > — A. 

Lemma 4.4. The formal d-function satisfies the properties (l)-(7) of 3.1.6 after 
replacing d\y by D\y and writing A + Dw = (A + d w , x* + D l ). 

Proof. (1) is clear from Lemma 4.2. In order to prove (2) we use Lemma 4.2 to 
write: 

(Z - W) j \ J D^ lI) 6(Z, W) = a{I)a{J, N\I)x 

Applying Lemma 4.2 to £)fc ^ I ^ J ^ 5(Z, W) the result follows from the following 
property of a, which follows from (3.1.1.1): 

a{ J, N \ I)a(I \J) = (r(I)a(I \ J, J). 

Properties (3)-(7) are proved as in 3.1.6. □ 

Lemma 4.5. D i z {Z-W)^ J = a(e t , J\e^){Z- W)ilA* +ja(e l , J){Z- W) j ~^ JUe ' . 
Proof. We prove the lemma by direct computation when j > 0: 

d%(z - wy\ J = (dgi + e* i d z ) (z-w - ^Ve)' (6 - J 

= -jC(Z - W) j - 1]J + a(e u J \ ei)(Z - W) j ^ Bi + 9 l j(Z - wy~ llJ 

= a(e h J \ e t )(Z - W)^ +ja(e u J)(Z - wy~^ JUe \ 
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When j = — 1 we have 

fc>0 v ; 



X 

fc>0 fc>0 



= a(e h J \ e t ){Z - wy 1 ^ - a(e h J) ]T(fc + 1)^^ 



) k (e~o JUe > 



(z — w) k+2 

k>0 y 1 

= a( ei , J \ ei)(Z - W)' 1 ^ - trfe, J)(Z - wy 2 ^ . 

The general case follows from these by noting that D 1 ^ = (D^) 2 = d z , hence 

1 
3 

Therefore we get for j > 0: 



(z - wy 3 ~ llJ = -{D'zf^z - wy llJ . 



DUZ - W)- J - llJ = -(D l z ) 23+1 (Z - w)-^ J 

r- 

: j^D^ (a{ei,J\ei)(Z - W)-^ J - -a{e h J)(Z - wy 2 ^ 
a( ei , J \ ei)(Z - W)- 1 -^ - (j + l)a(e u J)(Z - W)~^ JUe 



□ 



The following decomposition lemma is now proved in the same manner as Lemma 
3.1.7: 

Lemma 4.6. Let a(Z, W) be a local distribution in two variables. Then a(Z, W) 
can be uniquely decomposed in the following finite sum: 

a(Z,W)= Yl ( D W J) KZ,W)) Cj] j{W). 

U\J)--3>0 

The coefficients Cj\j are given by 

c j{J (W) = vcs z {Z - W) j \ J a(Z, W). 



Remark 4.7. Let (Z-W)A= (z - w - J2?-i A + E^it 6 *' ~ C)x l - Note that 
— d w and — D % w satisfy the same commutation relations (4.3.2) as A, x\ therefore 
—d w , —D l w generate an associative supcralgebra isomorphic to _S? . This allows us 
to consider «if as a module over Jtf', by letting D l w and d w act as the following 
derivations of the superalgebra Jz? : 

(4.7.1) [D\y, X j ] = 2S ij X, [d w ,y] = [d w , A] = [D^, A] = 0. 
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Lemma 4.8. 

D% cxp ((Z - W)K) = x l cxp ((Z - W)K) = -[D w , cxp ((Z - W)K)]. 



Proof. Since the exponent is a sum of non-commuting terms, the derivative of the 
exponential is not as obvious as in the Nw = N case. Let A = — Ox 3 - 

We have: 



exp ((Z — W)A) = cxp \ z — w — Y>'C J ' A exp (A), 




3=0 
therefore 

(4.8.1) cV exp(A) = ( X 4 - A(0* - C)) exp(A) 

from which the first equality of the lemma follows easily. The proof of the second 
equality of the lemma is similar. Note that from (4.7.1) we have: 

[D i w ,A]=- X i -2X(6 i -C), 
from where it follows as in (4.8.1) that 

[£>V,exp(A)] = -(X l + W - C))exp(A), 
and the lemma follows by a straightforward computation. □ 

4.9. Now we are in position to define the formal Fourier transform and Nk = N 
SUSY Lie conformal algebras as we did in 3.1.8. We put 

&£ tW a(Z, W) = res z cxp ((Z - W)A) a(Z, W), 

which formally looks exactly like (3.1.8.1) but in this expression the variables \ % 
in A = (A, x 1 , ... , x N ) do not commute, but rather satisfy (4.3.2), and (Z — W) is 
given by (4.1.1) instead of (3.1.3.1). Using this formal Fourier transform, we define 
the A-bracket of two formal distributions a(W) and b(W) as in (3.2.1.1). The 
Nk = N version of Proposition 3.1.9, on the properties of the Fourier transform, is 
proved in the same way as in the Nw = N case with the aid of Lemma 4.8. There 
is only one subtlety involved in stating and proving (3) of Proposition 3.1.9, and 
consequently, (3) in Proposition 3.2.2. Since the exponentials involved in this case 
do not commute, the argument in 3.1.9.2 is no longer valid. We define 

^x,w — ^v,wH*=A+r, 
where the Fourier transform on the RHS is computed as follows. First compute 
&x jW , and then replace f by A + T = (A + 7, x 1 + T] 1 , . . . , x N + V N )- Here * 
denotes another set of indeterminates \& = (ijj, v 1 , . . . , v ), where ip is an even 
indeterminate and v l are odd indeterminates, subject to the relations: 

[^,i/]=0, [v i ,v j ] = -26 ij ijj. 
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We need to check that ^z,w^x,w = i~ l ) N ' &x$v&z,Xi or > equivalently 

(4.9.1) exp((Z- W)A)exp((X-W)T) = exp((X- W)tf) exp((Z- W)A)|* =A+r . 
In order to compare both sides in (4.9.1), we assume that \& and A commute : 

(4.9.2) [A, if,] - [A, v*\ = 0, [ X \ = [xV] = 0. 
Note that the RHS of (4.9.1) can be also computed as 

(4.9.3) exp((X - VK)(A + r))cxp((Z- W)A), 

where we have to use the following commutation relations between A and T: 

(4.9.4) [if, X j ] = 2XS itj , [7, X 1 ] = [l, A] = [A, rf] = 0, 

which follow from (4.9.2) after replacing "J by A + T. 

In order to check (4.9.1), recall that, given two operators A, B, such that their 
commutator [A, B] = C commutes with both A and B, we have 

(4.9.5) e A e B = e c e B e A . 

Let Z = (z, 9 l ), W = (to, C) and X = (x, ir 1 ). Now we expand: 



(4.9.6) exp ((Z - W)k) exp ((X - W)T) = cxp ((z-w-^ 6» 4 C)AJ x 

x exp (£(0* - C)X 4 ) exp ((s - w - £ 7^)7) exp QT(7t 1 - 
Note also that we have 

exp - c*)x*) = n cx p ((^ - cv) = n^ 1 + ^ - ev) 

(4.9.7) =n(( 1 + ^V)(l-C¥)(l + ^C i A)) =ne 9ix 'e- (V e r ° 

= exp fl 4 x *) cxp (- £ C*X*) exp 0*C*a) , 

therefore (4.9.6) reads: 

(4.9.8) cxp ((Z - W)A) cxp ((X - W)T) = cxp {{z - w)X) x 
xexp e ' X 1 ) cxp (- ^ CV) cxp ((a; - w) 7 ) exp (jT, ttVJ cxp (- ^ CV y 
Commuting the exponentials using (4.9.5) and (4.9.4), (4.9.8) can be expressed as: 

(4.9.9) exp ((z - w)X + (x - w)y) exp (- ^ Cx l ^j exp f y] 7r*?7*^ x 

x exp (- ^ CV ) exp *y) exp (-2 £ 0Va) . 

Multiplying and dividing by exp(^ k % x % ) and using (4.9.7) we can express (4.9.9) 
as 

exp {{z — w)X + (x — 10)7) cxp ( — ^ 0x ? ) cxp (^J^ tt 4 ?] 4 ) X 

x cxp (- ^ Crf) cxp ^ X 4 ) cxp (J2(0 l - ttV) cxp (- ]T 0VA 



Combining again the exponentials it is easy to express this as 
exp ((z - w)X + (x- w)i) exp - C){x % + rf)) x 

x cxp (- £ 7r i C 4 (A + 7 )) exp (£(0* - ^) X 4 ) exp (- £ 0Va) , 
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which is equal to (4.9.3). 

4.10. The definition of (j\J)-th products for j > and the definition of an Nk = 
N formal distribution Lie superalgebra generalizes in a straightforward way the 
corresponding definitions in 3.2.1. The Nk = N version of Proposition 3.2.2, on 
the properties of the A-bracket, is now proved in the same way as in the Nw = N 
case, with the aid of (4.9.1). 

Definition 4.11. An N K = N SUSY Lie conformal algebra is a Z/2Z-graded Jf- 
module M, endowed with a parity N mod 2 C-bilinear map M ®c — > S£ ®c & 
denoted (as before, we omit the symbol ® in the A-bracket) 

a(g>b^[a A b] = ^ (-l) JN A^ auiJ) b, 

3>0,J 

finite 

where au\j\b € 3£. This data should satisfy the following axioms: 

(1) sesquilinearity (this is an equality in _§f ®3£); 

(4.11.1) [S l a A b] = -(-1) VM], [a A S l b] = (-l) a+N {S l + X l ) [a A b], 

where in the RHS of the second equation, to obtain an element of Jz? <g> 3%, 
we first compute the A-bracket, and then we commute S l to the right using 
the relations [S\x j ] = 25«A (cf. (4.7.1)). 

(2) skew-symmetry (this is an equality in Jzf £g> 8%): 

(4.11.2) [a A b] = -(-l)* ff [L A _ vfl ], 

where the commutator on the right hand side is computed as follows: first 
compute [bra] = J2j>o J ^ J °j\ J e ® ^ wncrc is another copy of 
»£? generated by the set V = (7, 77 1 , . . . , rj ), where 7 is an even generator, 
rf are odd generators, subject to the relations 

[7,^=0, [v i ,rf] = -28 ijr 

Then replace T by - V-A = (-T- A, -S 1 - x\ ■ ■ ■ , S N - x N ) and apply 
T and S i to c j{J G 

(3) Jacobi identity (this is an equality in ££ <E> -2" (E> ^): 

[a A M] - (-1)^+" [[a A 6] r+A c] + (-l)( a+w >< b+A > r [a A c]], 

where [[aA&]A+rc] is computed as follows, first compute [[a A &]*c] G Jz? ® 
££" <g> where jSf" is another copy of _£f generated by the set * = 
(ip, v 1 , . . . , u ), where ?/> is an even generator, v l are odd generators, subject 
to the relations 

[1>,v i ]=0, [v\v i ] = -25 ij ijj. 

Then replace * by A + Y = (A + 7, 9 1 + 77 1 , . . . , 6 N + r) N ) to obtain an 
element of _Sf ® _£f' (8) ^. 

It follows that given iVjf = A" formal distribution Lie superalgebra (g,^ 1 ), the 
space ^ is an Nk — N SUSY Lie conformal algebra with T = d w and S % — D l w . 

Remark 4.12. We want to give an explanation for the commutation relations [S'\ x J ] : 
25ijX appearing in sesquilinearity. For this, we give an abstract descriptions of the 
axioms of a Lie conformal algebra as follows. Let ,3^ be a co-commutative Hopf 
superalgebra with commultiplication A : — > Jtf? ® Jtf' and antipode S (note that 
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this is the case in definition 4.11). Let 8% be a (left) iff- module. The spaces Si® Si 
and Stf ® ^ are canonically modules with /i i— > Ah and we consider ^ as a 
J^-module with the adjoint action. An J^f-Lie conformal algebra structure in Si is 
a linear map <j> : Si ® Si — > (g> ^ satisfying the following axioms (see [BDK01]): 
• is an homomorphism of J^-modules, namely, the following diagram is 
commutative for any h S Jff: 



Si® Si' 



Ah 



Ah. 



Si®Si- 



• (Scsquilincarity) Let be the operator of left multiplication by h in H . 
The following diagram is commutative: 



■J4f< 



L h ®l 



(Skew-symmetry) Let A and B be two ^"-modules. Let cryi be the permu- 
tation isomorphism A ® B ~ B ® A. Let fi : Jrff ® Si — ► ^ be the natural 
multiplication coming from the ^-module structure in The following 
diagram is commutative: 



■ jr < 



(S®|*)o(A®l) 



(Jacobi identity) Define three morphisms Si® 3 — > ^?® 2 ®Si corresponding 
to the three terms in the Jacobi identity. First, let Hi{23} be the composition 

&>*™+>#®jr®3i <712{im} ' 712 ; ^ 2 ®si. 

Similarly, we define /i2{i3} to be the composition: 



O , 12(l®0)fl2 



(180) 



^®2 



Finally, let v : -J? ® 3%" — > be the multiplication map. We define //{i2}3 
to be the composition: 

The Jacobi identity is the following axiom: 

Ml{23} = M{12}3 + M2{13} 

In the Njc = N case, identifying: 

s l ^-x\ rn-A, 7^ a, 

and, as in 3.2.7, changing the parity of Si if N is odd and defining 

0(a®6) = (-l) aA,+Ar [a A 6], 
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it is straightforward to check that the axioms of an Nk = N SUSY Lie confor- 
mal algebra, as in Definition 4.11, get transformed into the axioms of an ^-Lie 
conformal algebra. 

4.13. Lemmas 3.2.8 and 3.2.9 hold in the Nk = N setting replacing dw with Dy/ 
in (3.2.9.1). This allows us to construct a Lie superalgebra of degree N mod 2 
L(R) = and the corresponding Lie superalgebra Lie(^). from any Nk = 

N SUSY Lie conformal algebra S%. In order to prove the Nk = N versions of 
Propositions 3.2.11 and 3.2.12, we note that for J = (ji, . . . , jk), we have 

= dl{d cn + ( jl d w ) . . . (d C3k + ( jk d w ) 

(4.13.1) =J2°(K,J\K)C K dti mAK . 

KG J 

Let now a < „| /> = a ® W^ 1 G L(M) for each a6i Using (4.13.1) and (3.2.9.1) 
with / = W 7 ^ 1 , g = W k ' K and letting A = 0, we compute the Lie bracket (of parity 
N mod 2) in L(&): 

(4.13.2) 

r , 1 / 1 ^J+b(W) + (JnJ) '.V nJ - l > +^^ (n)n-j-t(J\I) 

{a <n \i>,o <k \ K> l = 2^ (-1) 2 r } x 

j>o,J J ' 
xa(J\I,JnI)a(JnI,I\J)a(J\I,I\J)<r(IAJ,K) (a^b) <n+k _ MI)lKu{IAJ)> , 

where (n)k — n(n— 1) . . . (n—k+1). Defining a( n ij) as the image of (— l) a/ cr(/)a <n |/ > 
in Lie(^) and using (4.13.2) and Lemma 3.2.7 we compute the Lie bracket in 
Lie(#): 

(4.13.3) 

[a (nlI) ,b {klK) } = (-l)^ N -^ N -^ J2 (-l) J ^- J ) + ^ + (Jnf? ^ nI ' 1) + ^x 

j>0,K 

x ^ n ~ 3 ~ UAI) a(IAJ, N \ (K U I A, J)) a (I) a (J \I,JC\ I)a(J R I, I \ J)x 

r- 

x a(J\I,I\J) {a(j\j)b) {n+k _._ i(Al)lKlJ{IAJ)) . 
Substituting (3.2.11.2) in (4.13.1) we find: 

(4.13.4) ^(^j^f-l)^^ 



(jnJXJnj-i) JOT+l) +/+(A r_ /)(J _ 7) 



nGZ,7 



cr(J\7, Jni)a(Jr\i)x 



xa{I\J,N\ I)a(J \I,I\ j)^- 1 -»l^\^«-i-lt(A-r)|JAj_ 
For each a € ^ define the following Lic( t ^)-valued formal distribution: 
(4.13.5) a(Z) = £ Z" 1 -"!^^^,/). 

Using (4.13.3) and (4.13.4) we obtain the Nk = N analog of Proposition 3.2.11: 
[a(Z),b(W)}= (D^ J) S(Z,W))(a ulJ} b)(W). 

j>0,J 
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To prove the Nk = N analog of Proposition 3.2.12 we need the following identity 
which is straightforward to check: 



a(e t ,N \ J)a,(j\j\ ei ) for e, £ J 

^-ja(ei,N\ (J U e l ))a (i _ 1 | JUei) for e l f J. 

4.14. As in 3.2.13, the Nk = N formal distribution Lie superalgebra Lie(if) carries 
an even derivation T and N odd derivations S l (i = 1, . . . , N), given by: 

T ( a U\J)) = 

\a(N\J, ei)a^j\ ei ) e,eJ 
[ jcr(iV \ (J U ei), ei)a,(j-i\ JUei ) e l ^ J. 

It follows easily that the formal distributions (4.13.5) satisfy: 

Ta(Z) = d z a(Z), S*a(Z) = (<9 e , - 6» J 9 z )a(Z), i = 1, . . . , JV, 

and therefore {L\e(&) : M) is a regular Nk = N formal distribution Lie superalge- 
bra. 

We define the normally ordered product of fields by the same formula (3.2.15.1) 
as in the Nyy = N case, and all the other products by using the derivations Dw 
instead of dw- Lemma 3.2.17 is still valid in the Nk = N setting (recall that 
(Z — W)~^ N is the same in both situations). The Nk = N version of Proposition 
3.2.19 is: 

Proposition 4.15. The following identities analogous to sesquilinearity for all 
pairs (j\J) are true: 

(D w a(W)) ulJ} b(W) = -(-l) J (a(e u J)a{W) WVi) b{W)+ 
+jcr(e t , J)a(W) {j _ 1{JUei) b{W)) 

D\v (a(W) ulJ} b(W)) = (-1) N - J ({D w a(W)) {jlJ} b(W)+ 
+ (-l) a a(W) ulJ) (D w b(W))) . 

Proof. According to Lemma 4.5 we have: 
(4.15.2) rcs z i z>w (Z - W)^ J D z a{Z)b(W) = 

= -(-l) J res z (D l z i z , w {Z-Wy\ J ) a(Z)b(W) = 



= -(-l) J rcs z (a( ei , J\ei)i z , w (Z -W) j ^ ei + 

+ Met, J)i z . w (Z - ^- 1 l JUe ') a(Z)b(W). 

Similarly we have: 

(4.15.3) - rcs z i WiZ (Z - W)^ J b(W) (D z a(Z)) = 

= (-\) ah+J rcs z (D z i w , z (Z-Wy\ J ) b(W)a(Z) = 

= (-l) ab+J res z (a(e l ,J\e l )i w , z (Z-Wy\ J \ e ' + 

+ Met, J)i w , z (Z - ^'- 1 l JUe ') b(W)a(Z). 
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Adding (4.15.2) and (4.15.3) we obtain: 

(D^aiW))^ b(W) = -(-l) J {a(e i ,J\e i )a(W) {jlAei) b(W)+ 

+ ja(e i ,J)a(W) {j _ llJUei) b(W)). 

The fact that D l w is a derivation of all (j\ J)-products is proved in the same way 
as in (3.2.19.4): 

D l w (a(W) u]J) b(W)) = D l w res z (i z . w {Z - W)^ J a(Z)b(W)- 
- (-\) ah i w AZ -Wy\ J b{W)a{Z)) = 
{-l) N tcs z ((-<r(ei, J \ ei)i z , w {Z - W)^ - ja(e t , J)i z , w {Z - wy- 1 ^) x 

xa(Z)b(W) + (-l) J+a i z , w (Z - Wy\ J a(Z)D l w b(W)+ 
+ (-l) ab (a{ ei , J \ e t )i w ^Z - W)^ + j<r(e l: J)i w , z (Z - W^'" 1 ^) b(W)a(Z)- 
-(-l) ah+J i w , z {Z - Wy\ J D\ v b{W)a{Z)) = 
= -(-l)^(e,, J \ eJaiW^j^biW) - {-1) N ja{e h J)a(W) u _ MJUet) b(W) + 

+ (-i)™xwO(,vW(wO = 

= (-l) N -> ((Z>Va(^)) 0V) KW) + {-iTaiwy^D^biW)) 

□ 

4.16. Even though the general Proposition 3.2.20 is no longer valid in the Nk = N 
setting, we easily check that its proof works in the particular case (j\J) = (—l\N). 
Therefore, the non-commutative Wick formula (3.2.21.1) is still valid in the Nk = 
N case. The Nk = N version of Dong's Lemma 3.2.22 is proved as in the usual 
vertex algebra case. 

Definition 4.17. An Nk = N SUSY vertex algebra is the data consisting of a 
super vector space V, an even vector |0) £ V, N odd endomorphisms and a 
parity preserving linear map Y from V to End(U)-valued supcrficlds a i— > Y(a, Z), 
satisfying the following axioms: 

• vacuum axioms: 

Y (a, Z) |0) = a + 0(Z), S*\0) = 0, i = l,...,N, 

• translation invariancc: 

[S i ,Y(a,Z)]=D i z Y(a,Z), 

where D z = dgi — 8 l d z , 

• locality: 

(z - w) n [Y(a, Z), Y(b, W)\ = for some n 6 Z+. 



4.18. We define the (j| J)-products for a Nk = N SUSY vertex algebra, as in the 
N w = N case, by (3.3.2.2). 



56 



REIMUNDO HELUANI AND VICTOR G. KAC 



As in 3.3.2 we see easily that the vacuum axioms may be formulated as (3.3.2.4) 
and translation invariance is equivalent to: 

(4 18 1) \S l a 1 = ^ J ' ei H',Aei) e i e 3 

4.19. It follows easily from (4.18.1) and the vacuum axioms that 

[S i ,S j ] = 2S itj T, [S\T} = 0, 
where T is an even operator satisfying: 

[T,ay\j)] = -ja (j _i|j) Va, (j\J), 

or equivalently: 

[T,Y{a,Z)] = d z Y{a,Z). 



With these results we can prove the Nj< = N version of Theorem 3.3.3. 

Theorem 4.20. Let % be a vector superspace and V a space of pairwise local 
End( 1 ^') -valued fields such that V contains the constant field Id, it is invariant 
under the derivations D z = dgi -\-9 l d z and closed under all (J\J)-th products. Then 
V is an Nk = N SUSY vertex algebra with vacuum vector Id, the translation 
operators are S l a{Z) = D l z a{Z), the (J\J) product is the one for distributions 
multiplied by a (J). 

Proof. The proof goes like the proof of 3.3.3. To check translation invariance we 
see that D z l = and that 

a(J)D z (a(Z) ulJ) b(Z)) - {-lY+ N - J a{Z) (]VJ) D z b{Z) = 

= (-l) N - J o-(J) (D z a{Z)) W) b(Z). 

But in view of (4.15.1) this is: 

-(-l) N a(J) (a(e. l ,J)a(Z) ul j Vi) b(Z)+ja(e t ,J)a(W) u _ MJUet) b(Z)) = 
= a(N\J, ei)a(J\ei)a(Z) ulAei) b(Z)+ja(N\(JUei), ei)a(JUei)a(Z) jue^KZ), 
proving equation (4.18.1). Locality is proved in the same way as in 3.3.3. □ 

Lemma 3.3.5 is still valid for Nk = N SUSY vertex algebras. Its proof parallels 
the proof for N\y = N SUSY vertex algebras. Lemma 3.3.6, on the existence and 
uniqueness of solutions to a system of differential equations, is straightforward to 
generalize to the Nk = N setting. The proof of Proposition 3.3.7 in this context is 
more subtle: 

Proposition 4.21. Let V be a Nk = N SUSY vertex algebra. Then for every 
aie V we have: 

(1) Y(a,Z)\0) = exp(ZV)a, 

(2) exp(ZV)Y(a, W) exp(-ZV) = i w z Y(a, W + Z), 

(3) Y(a,Z) {jlJ) Y(b,Z)\0)=a(J)Y(a {jlJ) b,Z)\0). 

where V = (T, S\ . . . , S N ), ZV = zT+J2 l S\ and we define W+Z = W-(-Z) = 

(z + w + J2CO\o^> + c j ) 5 . 



5 Note that Z + W + W + Z 
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Proof. As in the proof of Proposition 3.3.7 we note that both sides of (1) and (3) are 
elements of V[[Z\], whereas both sides of (2) are elements of End(V)[[W, 
By evaluating at Z = we get equalities in all three cases. Indeed (1) and (2) are 
trivial, and (3) follows from the Nk = N version of Lemma 3.3.5. We need to show 
that both sides in each equation satisfy the same system of differential equations. 

(1) Similarly to the proof of Lemma 4.8, we expand: 

& z cxp(ZV) = (8 0t - 6%) exp(zT) V 

(4.21.1) t^o M 

= (S l + TO 1 ) cxp(ZV) - 9 l T cxp(ZV) = S* cxp(ZV), 
from where the RHS X(Z) of (1) satisfies the system of differential equations: 

D Z X{Z) = S i X{Z). 
Similarly by translation invariance we have for the LHS of (1): 

D%Y(a,Z)\0) = lS\Y(a,Z)]\0)=S*Y(a,Z)\0). 
We also point out that a computation similar to (4.21.1) shows that 

(4.21.2) D z exp(-ZV) = - exp(-ZV)S\ 

which is not entirely obvious since S l does not commute with the exponential. 

(2) By translation invariance we have: 

D z Y(a, W + Z) = (-Cd w+Z+E c « tf , + d c+e > - l d w+z+E Y(a, W + Z) = 

= D l w+z Y{a, Z + W) = [S\ Y{a, Z + W)}. 
On the other hand, letting Y(Z) = e zv Y(a, W)e~ zv we have (cf. (4.21.2)): 
D^YiZ) = S i Y(Z) - {-l) a Y{Z)S l = [S\Y{Z)\. 

(3) For the RHS we have by translation invariance and the vacuum axioms: 

^(0^^6,2)10) = [S\ Y(a {jlJ) b, Z)) |0) = D%Y{a {j]J) b, Z)\Q). 

To prove that the LHS satisfies the same differential equation, we proceed exactly 
in the same way as in the proof of Proposition 3.3.7. We only need the fact that 
D l z is a derivation of all (j\ J)-products. But d z = {D l z ) 2 is a derivation since: 

d z a{Z){j\J)KZ) = (-±) N - J D Z ((D z a(Z)) {jlJ] b(Z) + {-l) a a {j]J) D z b{Z)) = 
(d z a(Z)) UlJ) b(Z) + (-ir +1 (D z a(Z)) ulJ) D z b(Z) + 

+ {-l) a {D%a{Z)) {j]J) D%b{Z) + a(Z) m) d z b(Z) 
therefore D z = D z — 29 l d z is a derivation of all (j| J)-products. □ 

The uniqueness Proposition 3.3.8 is still valid in the Nk = N setting, As its 
corollary, wc obtain an analogous version of Theorem 3.3.9, namely 

Theorem 4.22. On an Nk = N SUSY vertex algebra the following identities hold 

(1) Y(a ulJ) b,Z)=a(J)Y(a,Z) (jl j ) Y(b,Z) . 

(2) Y(a irl]N) b,Z) =: Y(a,Z)Y(b,Z) :. 

(3) Y(S l a,Z) = D l z Y(a,Z). 
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(4) We have the following OPE formula: 

[Y(a,Z),Y(b 7 W)}= Yl °-(J)(D\i) J) S(Z,W))Y(a ulJ) b 7 W) 
(j\J)-j>o 

Remark 4.23. Note that as a consequence of (3) we obtain 

[S\Y(a,Z)]^Y(S l a,Z), 
in contrast to the N\y = N and, in particular, the ordinary vertex algebra case. 
Corollary 4.24. 

( S%a )(j\J) = a ( e U N \ J ) a (j\J\ei) ~ j&(ei,N \ (J U e i ))a (j „ 1 | JUe . ) 
_ \a(ei,N \ J)a(j\j\ ei ) for e. t £ J 

y-ja(ei,N \ (J U e i ))a( j _i| JUei ) for e l ^ J, 

S* (auiJ)b) = (~1) N - J ((S l a) ulJ) b+(-ira ulJ) S t b.) 

4.25. In order to prove the Nk = N version of the associativity formulas (3.3.12.3) 
and (3.3.12.4), we proceed as in 3.3.12, by taking the generating series of 4.22 (1) 
and using the following Nk = N version of the Taylor expansion. For a formal 
power series a(Z) £ C[[Z]] we have: 

(4.25.1) a(W + Z)= Y {-i)^^-Dfa{Z)=e WDz a{Z). 

(J\J)-3>0 J ' 

Indeed, the usual Taylor expansion is: 

a(W + Z) = a(w + z + Y,C0\C J + = ^(-1)^^ -JT a ( W + Z)\w=o- 
In this case: 

dH°a(W + Z)\ w=0 = Dfa(Z), 

d$a(W + Z)\ w=0 = (9*d z + d 0i )a{Z) = D l z a(Z), 

proving (4.25.1). 

Also, according to our prescription to add coordinates we see that 

(X — Z) -W = X — (W + Z) = X - (W - (-Z)), 

and note that equation (3.3.3.2) is still valid in the Nk = N setting. The proof 
in 3.3.12 generalizes now easily. Similarly, we obtain as a corollary, the Nk = N 
version of the Cousin property 3.3.13. 

The proofs for skew- symmetry in Theorem 3.3.14 and quasi-commutativity for 
the normally ordered product as in 3.3.15 carry over verbatim to the Nk = N case. 

4.26. Defining as the Fourier Transform as in 3.3.16 we obtain an analogous result 
to Theorem 3.3.17, namely an Nk = N SUSY vertex algebra gives rise to an 
Nk = N SUSY Lie conformal algebra. 

The Nk = N version of quasi- associativity for the normally ordered product is 
the same ans is proved in the same way as Theorem 3.3.18. 

As in the Nw = N case, we have the following equivalent definition of Nk = N 
SUSY vertex algebras: 
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Definition 4.27. An N K = N SUSY vertex algebra is a tuple (V, T, S\ [- A -], |0>, ::), 
i = 1, ... ,7V, where 

• (V,T, S\ [-a-]) is an N K = A SUSY Lie conformal algebra, 

• (V, |0), T, S l , ::) is a unital quasicommutative quasiassociativc differential 
superalgebra (i.e. T is an even derivation of :: and S l are odd derivations 
of::), 

• the A-bracket and the product : : are related by the non-commutative Wick 
formula (3.2.21.1). 

4.28. The definition of an Nk = A Poisson SUSY vertex algebra is straightforward 
to generalize. Similarly, the Nk = A version of Borcherds identity in Theorem 
3.3.21 and the Nk = A version of the commutator formula in Proposition 3.3.22, 
are the same with dw replaced by Dw and are proved in the same way as for 
Nw = A SUSY vertex algebras. Following the argument in Remark 3.3.23 and 
using (4.13.1), we obtain the formula for the commutator of the Fourier coefficients 
of the End(V r )-valucd fields of the Nk = A SUSY vertex algebra: it is equal to the 
RHS of (4.13.3), multiplied by <r(J). 

The rest of section 3.3 carries over to the Nk = A case with minor modifications, 
in particular we define tensor products of Ax = A SUSY vertex algebras as in 3.3.24 
and we have an existence theorem as in 3.3.25 that we restate here: 

Theorem 4.29 (Existence of Nk = A SUSY vertex algebras). Let V be a vector 
space, |0) G V an even vector, T an even endomorphism of V and S 1 , i = 1, . . . , A 
odd endomorphisms of V, satisfying [S l ,S J ] = 2di_jT. Suppose moreover that 
S' l \0) = 0. Let & be a family of fields a a (Z) = J2( 3 \j) Z ~ 1 ~ ilNVa tj\j) > mdex ^ d by 
a £ A, and such that 

(1) a a {Z)\Q)\z=o = a a eV, 

(2) [S\a a {Z)] = D* z a a {Z), 

(3) all pairs {a a (Z) , a 13 (Z)) are local, 

(4) the vectors a?? \ j )••■ a (*/i|/i)l^ s P an V- 
Then the formula 

na a ^ J .y..a^ Ji) \Q),Z) = 

=n^K 8 ^)( J5 i^(---^| J2) (^)(^| Jl )(^)id)...) 

defines a structure of an Nk = A SUSY vertex algebra on V , with vacuum vector 
|0), translation operators S l and such that Y(a a , Z) = a a (Z), a G A. 
Such a structure is unique. 

4.30. The results in section 3.4 generalize to this context without difficulty. In 
particular, we obtain the universal enveloping Nk = A SUSY vertex algebra of an 
Nk = A SUSY Lie conformal algebra. 

In the same way as in Theorem 3.4.2, we obtain: 

Theorem 4.31. Let V be an N K = A SUSY vertex algebra. Let srf = C[X, X^ 1 ], 
define L(V) to be the quotient ofV = si Cg>c V by the span of vectors of the form: 

S l a (g) f(X) + (-l) a a ® D x f(X). 

and let L'(V) be its completion with respect to the natural topology in srf ' . Then 
L(V) (resp. L'(V)) carries a natural Lie superalgebra of degree A mod 2 structure. 
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Let Lie(U) (resp. Lie (V)) be the corresponding Lie superalgebra. The map tp : 
Lie(V) — * End(U) (resp. <p' : Lie'(V) — * End(V)), given by formula (34.1.2), is a 
Lie superalgebra homomorphism. 

5. Examples 

Example 5.1 (V(Wn) scries). Let X — (x, £\ . . . , £, N ), where x is even and £ z 
are odd anticommuting variables commuting with x. Consider the Lie algebra 
g = W(1|JV) of derivations of C[X, X -1 ]. It is spanned by elements of the form 
X^ J d x and X^ J dci (cf. Example 2.17). Define the following g-valued formal 
distributions: 

(5.1.1) L(Z) = -6(Z,X)d x , Q\Z) = -5{Z,X)d e , i = l,...,N. 

A straightforward computation shows that these distributions satisfy the following 
commutation relations: 

[L(Z),L(W)} = S(Z, W)B W L(W) + 2 (d w S(Z, W)) L{W), 
[L(Z), Q\W)] = S(Z, W)d w Q\W) + {d c ,S(Z, W)) L(W)+ 

(5.1.2) +(d w 8(Z,W))Q l (W), 

\Q\Z\ Q>(W)} = S(Z, W)d c Q\W) + (-1) N {d c ,S(Z, W)) Q\W)- 
-(-1) N {d CJ S(Z,W)) Q\W). 

In particular, the distributions (5.1.1) are pairwise local. Let & be the family of 
g- valued formal distributions 

jr = [d§ J L(z) 7 dfQ\z)\ j > o, J c {1, . . . , N}, i = 1, . . . , n) . 

Then (g, J^) is an Nyy — N SUSY formal distribution Lie superalgebra. 

Let #at be the corresponding Nw — N SUSY Lie conformal algebra. It is 
generated as a C[T, S 1 } -module by a vector L of parity N mod 2 and N- vectors 
Q 1 , i = 1, . . . , N, of parity N + 1 mod 2 satisfying the following A-brackets (which 
follow from (5.1.2)) 



[L K L] = (T + 2X)L, [Q\Q ] ] = (S 4 + x l )Q 3 - X 3 Q\ 
[L A Q i ] = {T + \)Q i + (-l) N X i L. 



When N = 0, this is the centerless Virasoro conformal algebra, which admits a 
central extension defined by: 

[L X L] = (T + 2\)L + ^C 

where C is even, central, and satisfies TC = 0. 

Translating the formulas in [FK02], it follows that when N = 1, "W\ admits a 
central extension of the form: 

[L A L] = (T + 2X)L, [QaQ] = SQ + ^C, 
(5.1.4) 3 
[L K Q] = (T + X)Q- X L + -C, 

where C is even, central, and satisfies TC = SC = 0. 



SUPERSYMMETRIC VERTEX ALGEBRAS 



61 



When N = 2, #2 admits a central extension given by: 

[L A L] = (T + 2X)L, [i A Q l ] = (T + \)Q l + x % 

[QW] = s*Q\ [Q\Q 2 ] = (s 1 + x r )Q 2 - xV + \c t 

where C is as above. It follows from [KvdL89], [FK02] that these algebras do not 
admit central extensions for N > 3. 

If N < 2, we let V(W N ) be the universal enveloping N w = N SUSY vertex 
algebra of the central extension of Wn as given by Theorem 3.4.4, and let V{Wn) c 
be the quotient of V(Wn) by the ideal (C— c|0))(_ 1 |tv)U(#tv), where c G C is called 
the central charge. 

When N — 1, expanding the supcrficlds as 

Q(Z) = - J(z) + 6G+(z), L(Z) = G-(z) + 8 (l(z) + \d z J{z) 

we check that the fields L, J^G^ satisfy the commutation relations of the N = 2 
vertex algebra as defined in Example 2.12. 

When N > 3, we let V{Wn) be the universal enveloping Nw — N SUSY vertex 
algebra of Wn- It follows from the definitions that Lic(#Ar) = TU(l|iV), the Lie 
superalgebra of derivations of C[X, X -1 ]. Also, Lie(#/v)< = W(1\N)< is the Lie 
superalgebra of derivations of C[X]. Denote by W(1\N) < = Lie(#/v)< C Lie(#]v)< 
the Lie superalgebra of vector fields vanishing at the origin; it is spanned by vectors 
of the form X^ J d x and Y^ J %, with j + jj J > 0. 

Definition 5.2. An Nw = N SUSY vertex algebra V is called conformal if there 
exists N+l vectors v, r 1 , . . . , t n in V such that their associated superfields L(Z) = 
Y(v, Z) and Q l (Z) = Y(t 1 , Z) satisfy (5.1.3) (or possibly a central extension) and 
moreover: 

• ^(0|0) = T, T l {m = S\ 

• the operator ^(i|o) acts diagonally with eigenvalues bounded below and with 
finite dimensional eigenspaces. 

If moreover, the action of Lie(#jv)< on V can be exponentiated to the group of 
automorphisms of the disk D^ N , we will say that V is strongly conformal. This 
amounts to the following extra condition: 

• the operators f(i|o) and X)t=i a ( e i) T (o\e ) nave integer eigenvalues. 

If a £ V is an eigenvector of the operator ^(i|o) of eigenvalue A, we say that a 
has conformal weight A. This happens if a satisfies 

[L A a] = (T + AA)a + 0{\ 2 ) + 0( X \ X N ), 

If, moreover, a satisfies [L\a\ = (T + AA)a we say that a is primary. 

As in the ordinary vertex algebra case, the conformal weight A(a) is an important 
book-keeping device: 

A(Ta) = A(a) + 1, A(S* i a) = A(a), A(a (j \ = A(a) + A(b) - j - 1. 

(Note that A(: a6 :) = A(a) + A(6).) Furthermore, letting A(x i ) = and A (A) = 1, 
all terms in [o,a&] have conformal weight A(a) + A(6) — 1. 

Remark 5.3. It is clear from this definition that the Nw = N SUSY vertex algebra 
U(#jv) c defined in Example 5.1 is strongly conformal. 
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Example 5.4 (Free Fields). As an example of a strongly conformal Nw = N 
SUSY vertex algebra, we will compute explicitly the free fields case, namely, let 
a, C be even vectors and let <p be an odd vector. Consider the Nw = N SUSY 
Lie conformal algebra generated by these three vectors, where C is central and 
annihilated by V, and the other commutation relations are: 

[a A cp] = C. 

Let Fn be its universal enveloping Nw = N SUSY vertex algebra and Fn its 
quotient by the ideal (C — |0))(_ 1 | JV )-F , Af • 
Expanding the superfields 

a(Z) = a{z) + 6ip(z), <p(Z) = <j>(z) + 6b(z) 

we find that the fields a, 6, ip and <f> generate the well known be — /?7-system, namely, 
the non-trivial A-brackets are (up to skew-symmetry): 

[b x a] = hM = 1. 

When N = 1, this SUSY vertex algebra admits a Nw = 1 strongly conformal 
structure with: 

v = a(_ 2 |i)¥>(-i|i)|0), t = — QS(_i|o)V(-i|i)|0), 

and central charge c = 3. The associated fields L — Y{v, Z) and Q — Y(r, Z) are: 

L =: (Ta)(p : Q = — : (Sa)(p : . 

In order to check the commutation relations (5.1.4) we use the non-commutative 
Wick formula (3.2.21.1) to find: 

[a\L] = Ta, [(p\L} = \ip, [a\Q] = Sa, [(p\Q] = ~X^P- 
And now by skew-symmetry and sesquilincarity we obtain: 

(5.4.1) [L A a] = Ta [L A tp] = (A + T)cp 

(5.4.2) [L A Ta] = (T + X)Ta [L A Sa] = (S + X )Ta 

(5.4.3) [Q A a] = Sa [Q AV >] = (5 + X )<P 

(5.4.4) [Q A Sa] = - x Sa. 

Formula (5.4.1) says that a and ip are primary fields of conformal weight and 1 
respectively. With these formulas and using again the Wick formula (3.2.21.1) we 
obtain 

[L A L] = [L A : (Ta)ip :] =: ((T + X)Ta)(p : + : Ta{\ + T)ip := 

= 2XL+ : (T{Ta))(p : + : TaT(p := (T + 2X)L, 

since the integral term obviously vanishes. For the other commutation relations we 
compute: 

[QaQ] =~[Qa- (Sa)ip :] = X ■ (Sa)<p : + : Sa( X + S)ip : + / [ X Sa r ^}dT = 

Jo 

fA 

= : SaSip : + / {r) — X )f]dT = SQ + X X . 
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Finally for the last commutator we find: 

[L A Q] = -[La: (Sa)<p :} = -:{{S + x)Ta)^ : - : Sa(X +T)tp:- 

nA pA 

- [(S + X )Tar<pW = TQ - X ■ [Ta) V : +XQ + / ( V - X ) 7 dT = 
Jo Jo 

= (T + A)Q- X £+y. 

According to (5.1.4) this is a conformal Nw = 1 SUSY vertex algebra with central 
charge 3. It is easy to check that this SUSY vertex algebra is indeed strongly 
conformal. 

Example 5.5 (V(J#n) series). Consider now the Lie subsuperalgebra K(1\N) C 
W(1|JV) consisting of those derivations of C[X, X~ x ] preserving the form 

N 
i=l 

up to multiplication by a function (cf. Example 2.18). Define the following g- valued 
formal distribution: 

N 

G{Z) = -2S(Z, X)d x - {-\) N J2 (D l x S(Z, X)) D\. 

i=l 

It follows from (2.18.1) that its ^-coefficients form a basis of K(1\N). A straightfor- 
ward computation shows that this formal distribution satisfies the following com- 
mutation relation: 

[G(Z), G(W)} = 2S(Z, W)d w G{W) + (4 - N) (d w 8(Z, W)) G(W)+ 

N 

+ (-l) N J2(D\ v 5(Z,W))D\ v G(W), 

i=l 

in particular, the pair of g-valucd formal distributions (G(Z), G(Z)) is local. Letting 
& = {&§ J G(Z), j > 0, J C {1, . . . , N}\, we obtain an N K = N formal distribu- 
tion Lie superalgebra (q, 

Let J^/v be the associated Nk — N SUSY Lie conformal algebra. It is generated 
as a free ^-module by a vector G of parity TV mod 2 satisfying the following 
A-bracket (for the definition of the algebra Jt? see 4.3) 



G. 



(5.5.1) [G A G] = (^2T + (4 - N)X + ^ 

When N < 3, J£yv admits a non-trivial central extension, obtained by adding 
the term 3 G to the RHS of (5.5.1), where G is even, central and satisfies 
TC = S l C = 0, cf. [FK02]. 

When N = 4, admits a central extension, obtained by adding the term AG 
to the RHS of (5.5.1). It follows from [KvdL89], [FK02] that J€ N does not admit 
central extensions when N > 4. 

When N < 4, we let V(J^n) be the universal enveloping Nk — N SUSY vertex 
algebra of the central extension of Jfiy and define V(J£n) c to be its quotient by 
the ideal (G — c|0))(_i|jv)V(J£jv), where c G C is called the central charge. When 
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N > 5, we let U(Jf/v) be the universal enveloping Nk = N SUSY vertex algebra 

Of J^N- 

In the case N = 1, if we expand the corresponding superfield as 

G(z,8) = G(z) + 29L(z), 

we find that the fields G(z) and L(z) generate a Neveu Schwarz vertex algebra of 
central charge c as in Example 2.9. 

When N = 2 expanding the corresponding superfield as (cf. 2.15.2) 

G(z,e\6 2 ) = ^i.j{z) + e l G {2) (z) - e 2 G {1) {z) + 2e 1 e 2 L(z) 

We find that the corresponding fields J, L, G^ satisfy the commutation relations of 
the N = 2 vertex algebra as in Example 2.12. 

When N = 4 the corresponding Nk = 4 SUSY vertex algebra is not simple. 
Indeed the SUSY Lie conformal superalgebra JC/ C J£i generated by S Z G, i = 
1,...,4 is an ideal. The central extension of J^4 described above restricts to a 
central extension of Jt± whose cocycle is given by: 

(5.5.2) a 1 (S i G,S j G) = - X i X j C 1 . 

This SUSY Lie conformal algebra admits another central extension given by (cf. 
[FK02]): 

(5.5.3) a 2 (S l G, S^G) = x Vx 3 X 4 C 2 . 

We let U(j£j') Cl,C2 be the corresponding Nk — 4 SUSY vertex algebra with C, = a. 

Note that Lie(J^v) = K(1\N) by definition, while Lic(Jf N )< = K(1\N)< is 
the Lie superalgebra of regular vector fields preserving uj up to multiplication by a 
function. We will denote by K(\\N) < = Lie(Jf/v) < C hic(J(fN)< the Lie superal- 
gebra of regular vector fields, preserving uj up to multiplication by a function, and 
vanishing at the origin. 

A field G satisfying the commutation relations (5.5.1) with a central extension, 
will be called a super Virasoro field. 

Definition 5.6. Let N < 4, an Nk = N SUSY vertex algebra V is called con- 
formal if there exists a vector r £ V (called the conformal vector) such that the 
corresponding field G(Z) = Y(t,Z) satisfies (5.5.1) with a central extension, and 
moreover 

• T( |o) = 2T, T (0 | e .) = cr(N\ e l ,e % )S\ 

• the operator Tmo) acts diagonally with eigenvalues bounded below and 
finite dimensional eigenspaces. 

If moreover, the representation of Lie(j£jv)< can be exponentiated to the group 
of automorphisms of the disk D^ N preserving the SUSY structure 

N 

1=1 

we will say that V is strongly conformal. This amounts to the extra condition 

• the operator t^o) has integer eigenvalues and, if N = 2, the operator 
V— 1t(o|jv) has integer eigenvalues. 
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If a vector a in a conformal Nk = N SUSY vertex algebra V is an eigenvector 
of T(x|o) with eigenvalue 2A, we say that a has conformal weight A. This happens 
iff a satisfies 

[G A o] = (^2T + 2AA + J2 x'S^j a + 0(A 2 ), 

where 0(A 2 ) denotes a polynomial in A with vanishing constant and linear terms. 
If, moreover, a satisfies 

[G A a] = (2T + 2AA 

we say that a is primary. For example, formula (5.5.1) with a central extension, says 
that G has conformal weight 2 — N/2, and it is primary if the central extension is 
trivial. As in the Ny/ — N case, the conformal weight is an important book-keeping 
device 

A (To) = A(o)+l, A(5*o) = A(a)+i, A(a ov) 6) = A(a)+A(6)-j-l+ ^ ~ " J 

(Note that A(: ab :) = A (a) + A(6).) Furthermore, letting A(A) = 1 and A(y*) = 
1/2, all terms in [a\b] have conformal weight A(a) + A(6) — 1 + N/2. 

Remark 5.7. The Nk = N SUSY vertex algebra V(J%n) c defined in Example 5.5 
is strongly conformal when N < 4, and U(J^') Cl,C2 is strongly conformal as well. 

Example 5.8. (Free fields) The well-known boson-fermion system is an Nk = N 
vertex algebra generated by one superfield. Let W be a vector of parity (— 1)^, C 
an even vector, and define a Nk = N SUSY Lie conformal algebra generated by "J 
and C where C is central, satisfies TC = S l C = and the remaining commutation 
relations are: 

[M] = A 1|Ar C, 

when N is even, and 

[M] = A 0|Ar C, 

when N is odd. Skew symmetry is clear and the Jacobi identity is obvious since all 
triple brackets vanish. We let Bn be the corresponding universal enveloping Nk = 
N SUSY vertex algebra, and let Bn be its quotient by the ideal (C — |0))(_i|jv)-B/v- 
To show an application of the above formalism, as well as the subtleties involved 
in calculations, we will show explicitly that the Nk = 1 SUSY vertex algebra B\ 
is conformal, the corresponding super Virasoro field being 

G =: (S**)* : +mTf , m e C. 

Indeed, from sesquilinearity (4.11.1) and skew-symmetry (4.11.2) we find 

t* A SV} = (S + X )X = A, [S* A *] = -A, 

where we used [S, \] — 2 A and \ 2 = ~ A. Using sesquilinearity once more we get: 

[SV A SV] = yA, [* a T*] - A X . 

Now we can use the = 1 version of the non-commutative Wick formula (3.2.21.1) 
to find: 

[* A G] = (A + xS)® + m\ X , [S^ A G] = A(x - S)9 - m\ 2 
[T* A G] = — A(A + X S)* - m\ 2 x, 
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where we note that all the integral terms vanish. Using skew-symmetry again we 
get: 

[G A *] = (A + 2T + X S)ty - m\ x , [G A Sty] = (A + T)( X + 2S)ty - mX 2 
[G A Tty] = {T + X)(X + 2T + X S)ty - mX 2 X . 
With these formulas we can use again (3.2.21.1) to get: 

[G A G] =: ((A + T)( X + 25')* - mX 2 ) ty : + 

+ : Sty (X + 2T + X S)ty - mX X ) : +m(T + A)(A + 2T + X S)ty - m 2 X 2 X 

where again the integral term is easily seen to vanish. Note that from quasi- 
commutativity of the normally ordered product we find : tyty := 0, from where 
the expression above reduces to: 

2A : (Sty)ty : +x ■ (Tty)ty : +2 : (S 3 ty)ty : -mX 2 ty+ 

+ : Sty ((A + 2T + X S)ty - mX X ) ■ +m{T + A) (A + 2T + X S)ty - m 2 X 2 X - 

Expanding this expression and after a simple cancellation we find 

[G A G] = (2T + 3A + xS) G - m 2 X 2 X - 

Therefore B\ is a strongly conformal Njc = 1 SUSY vertex algebra with central 
charge —3m 2 . Note that, by (5.8.1), ty has conformal weight 1/2 (but it is not 
primary if m ^ 0). Expanding the supcrficld 

ty(Z) = tp(z)+6a(z), 

we find easily that 

[cp\ip] = 1, [a\a] = A, 
hence the name boson-fermion system. 

Example 5.9. (Super Currents) Let g be a simple or abelian Lie superalgcbra with 
a non-degenerate invariant supersymmetric bilinear form ( , ). If N is even, then 
we define a SUSY Lie conformal algebra (either Nk = N or Nw = N) generated 
by fl with commutation relations: 

[a A b] = [a,b] + {k + h v )(a,b)X Va, b £ g, 

where 2W is the eigenvalue of the Casimir operator on g. 

When N is odd we let Ug be g with reversed parity, and for each element a £ g 
we let a be the same element thought in Ug. In this case we define a SUSY Lie 
conformal algebra generated by Ilg with commutation relations: 

[a A b] = (-l) a (j^b] + (k + h^)(a,b)J2x^j ■ 

We let V k (g) be the associated universal enveloping SUSY vertex algebra 6 , cither 
the Nk = N or the Nw = N vertex algebra, the choice will be clear in each context, 
as well as the value of N. 



6 Here as before, we are considering a central extension of a SUSY Lie conformal algebra, 
and then we identify the central element with a multiple of the vacuum vector in the universal 
enveloping SUSY vertex algebra. 
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When N = 1, the corresponding Nk = 1 SUSY vertex algebra is strongly 
conformal, the corresponding conformal vector is 

r = ^ (E(-D 0i : (S*W : + 3^E([»V],<0 : * : ™ ::) , 

where {a*} and are dual bases for g with respect to ( , ). This is known as 
the Kac-Todorov construction [KT85]. The super Virasoro field Y(r, Z) has central 
charge 

fcsdimg sdimg 

c = k + h y + 2 ' 

and the fields a £ g have conformal weight 1/2. 

Example 5.10. (N = 2 vertex algebra) As a vertex algebra it is generated by 4 
fields (cf. Example 2.12). As we have seen in Example 5.5, this is a Nk = 2 SUSY 
vertex algebra generated by one field G. On the other hand, the N = 2 vertex 
algebra admits an embedding of the N = 1 vertex algebra. Therefore we can view 
the N = 2 vertex algebra as an Nk = 1 SUSY vertex algebra. As such, this algebra 
is generated by two superfields G and J, where G is a super Virasoro field of central 
charge c and J is even, primary of conformal weight 1. The remaining A-bracket is 
given by: 

[j a j] = g + |a x . 

This is computed using the decomposition Lemma 4.6. 

Example 5.11. (N = 4 vertex algebra) As a vertex algebra it is generated by 8 
fields: a Virasoro field, three currents (for the Lie algebra 5(2) and four fermions 
[Kac96, p. 187]. This vertex algebra admits and embedding of the Neveu Schwarz 
vertex algebra, therefore we can consider a Nk = 1 SUSY vertex algebra structure 
on it. As a Nk = 1 vertex algebra, it is of rank 3|1, generated by an N = 1 
conformal vector G with central charge c and three even vectors J*, % — 1,2,3. 
Each pair (G, J 1 ) generates an JV = 2 vertex algebra, viewed as an Nk = 1 SUSY 
vertex algebra, as in the previous example. The remaining commutation relations 
are: 

[JV J ] = V^lV^(S + 2x)J fc , 



A 1 

where e is the totally antisymmetric tensor. 

This vertex algebra is the universal enveloping vertex algebra of the central 
extension of the superconformal Lie algebra <S'(1|2; 0) (cf. [FK02]). 

Example 5.12. (be — [3-f system) This is a Nk = 1 SUSY vertex algebra generated 
by n even fields B % and n odd fields ^> l . The only non- vanishing A- brackets (up to 
skew-symmetry) are: 

[B\V] = 8 ij . 

This SUSY vertex algebra is strongly conformal with super Virasoro field 

n 

G = J2(: {SB l )(S¥) : + : (TB l )t> 1 :) , 
i=i 

and central charge in. The fields B l (resp. \t*) are primary of conformal weight 
(resp. 1/2). 

Let a?j, s = 1, 2, 3, be three n x n matrices satisfying 

trV = V^le l]k a k , (a 3 ) 2 = Id . 
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The fields 

n 

J 1 = Y, °)k ■ SB^ k :, i = 1, 2, 3, 

3,k=l 

together with G generate an N = 4 vertex algebra as in the previous example 7 (cf. 
[BZHS06]). 

Example 5.13. Here we explain briefly the construction of the chiral de Rham 
complex of a smooth manifold introduced in [MSV99] , using the formalism of Nk — 
1 SUSY vertex algebras [BZHS06]. Let U be a differentiate manifold. Let ST be 
the tangent bundle of U and S?* be its cotangent bundle. We let T = T(U, 2?) 
be the space of vector fields on U and A = T(U, be the space of differentiable 
1-forms on U. We let = ff°°(U) be the space of differentiable functions on U. 
Denote by 

<,>:A®T^tf 

the natural pairing, and, as before, by II the functor of change of parity. 

Consider now an Nk = 1 SUSY Lie conformal algebra i% generated by the vector 
superspace 

# © nr © a © riA 

That is, we consider differentiable functions (to be denoted /, g, . . . ) as even ele- 
ments, vector fields X,Y, . . . as odd elements, and finally we have two copies of the 
space of differential forms. For differential forms, which we consider to be even ele- 
ments, a, 0, • ■ ■ G A, we will denote the corresponding elements of HA by a, 0, ... . 
The nonvanishing A-brackets in Si are given by (up to skew-symmetry) : 

[XJ]=X(f), [X A Y] = [X,Y] Ue , 

[Xacx] = Liex a + A < a, X >, [X\a] = Liex a + \ < ct, X >, 

where [,]uc is the Lie bracket of vector fields and Liex is the action of X on the 
space of differential forms by the Lie derivative. The fact that (5.13) satisfies the 
Jacobi identity is a straightforward computation (cf. 1.8). 

We let V(U) be the corresponding universal enveloping Nk = 1 SUSY vertex 
algebra of This vertex algebra is too big. We impose some relations in V{U) 
as follows. Let Ijj denote the constant function 1 in U. Let d : — > A be the de 
Rham differential. Define I(U) C V'{U) to be the ideal generated by elements of 
the form: 

:/'/: •:/.</:•• : fX : -(JX), : fa : -(fa), :fa:-(Ja), 
lcr — 10>, Tf-df, Sf-df. 

Define the Nk — 1 SUSY vertex algebra 

n ch (U) := V(U)/I(U). 
The following theorem is a reformulation of the corresponding result in [LL05] : 
Theorem 5.14. 

(1) Let M C M" be an open submanifold. The assignment U i— ► il ch (U) defines 
a sheaf of SUSY vertex algebras Qj§ on M . 



^Note however that these fields J* differ from those used in [BZHS06] by a factor of 1 
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(2) For any diffeomorphism of open sets M' ^ M we obtain a canonical 
isomorphism of SUSY vertex algebras fl ch (M) -^-> tt ch (M'). More- 
over, given diffeomorphisms M" -^-> M' — > M, we have Q ch (tp o ip') = 

n ch {tp')on ch (ip). 

This theorem allows one to construct a sheaf of SUSY vertex algebras in the 
Grothendieck topology on R" (generated by open embcddings). This in turn allows 
one to attach to any smooth manifold M, a sheaf of SUSY vertex algebras fi^, 
called the chiral de Rham complex of M. 

Example 5.15. (Free Fields) We can generalize Examples 5.8, 5.12, and 5.4 as 
follows. Let A = Aq © A\ be a vector superspace, and let ( , ) be a non-degenerate 
bilinear form in A. Recall that the bilinear form ( , ) is said to be of parity p £ 
Z/2Z if (a, b) = unless p(a) + p(b) = p, and it is supersymmctric (rcsp. skcw- 
supersymmetric) if (a, 6) = (— l) ab (6, a) (resp (a, b) = — (— l) ah (&, a)). 

Let Jif = C[T, S' 1 } in the N w = N case, and let ,3>¥ be defined as in 4.3 in the 
Nk = N case. Let 

st = sue ® a © cc, 

where C is an even element such that TC = S l C = 0. Given a non-zero homoge- 
neous polynomial Q(A) of degree s (in PBW basis) and parity p, define the following 
A-brackct on A © CC: 

[a A b] = Q(A)(a, b)C, a,b £ A, and C central, 

and extend it to Si by sesquilincarity. Then the Jacobi identity automatically holds 
since all triple brackets are zero. Skewsymmetry holds if and only if 

(a,b) = -(-iy b (-l) N+s (b,a). 

Thus, (5.15) defines a structure of a SUSY Lie conformal algebra, provided that 
(5.15) holds together with the following parity condition: 

p + p((, ))=N mod 2. 

Thus, 8% is a SUSY Lie conformal algebra if and only if N + s is even (resp. odd) 
and the bilinear form ( , ) is supersymmetric (resp. skew-supersymmetric) of parity 
(N — p) mod 2. The corresponding free field SUSY vertex algebra F(A, Q) is 
the quotient of the universal enveloping vertex algebra V{3£) by the ideal (C — 

\0)) ( -i\N)Vm 

Example 5.16. (Spin 7 vertex algebra) In [SV95], Shatashvili and Vafa constructed 
a vertex algebra associated to any manifold with Spin 7 holonomy. This vertex alge- 
bra is generated by four fields and comes equipped with an N = 1 superconformal 
vector, therefore we can view it as an Nk = 1 SUSY vertex algebra. As such, it is 
generated by a super Virasoro field G of central charge 1/2, and a (non-primary) 
even field X of conformal weight 2. The corresponding A-brackets, derived from 
the OPE in [SV95], using Lemma 4.6, are: 

[G A X] = (2T + X S + 4X)X + ^G+ ^A 3 , 
[X A X] = (^TSX + ^T 2 G + 6 : GX :J + 

+ 8 ( X T + XS + 2X X ) X + ^A(T + X)G + ^X 3 X . 



TO 
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Note that this A-bracket is quadratic in the generating fields. Thus, this SUSY 
vertex algebra is not the universal enveloping SUSY vertex algebra of a SUSY Lie 
conformal algebra. Expanding these supcrficlds as: 

G{Z) = G(z) + 26T(z), X(Z) = X{z) + 6M(z), 

we obtain the generating fields as in [SV95] . 

Example 5.17. (Odake's vertex algebra) In [Oda89], Odake constructed a vertex 
algebra, generated by eight fields, as an extension of the N = 2 vertex superalgebra, 
associated to manifolds with SU3 holonomy. It carries therefore an N = 1 super- 
conformal vector, so we can view this algebra as an Nk = 1 SUSY vertex algebra. 
As such, it is generated by two superfields G, J forming an N = 2 vertex algebra 
of central charge 9, as in Example 5.10, and two odd superfields X , primary of 
conformal weight 3/2. The remaining A-brackets are as follows: 

[J A X±] = ±(5 + 3 X )Y±, [Y± A Y±] = 0, 

[X+aX-] = {:JG: + : JSJ : +TG + TSJ) + 

+ X(-JJ- +TJ) + A(G + SJ) + 2X X J + X\. 

Note that this relations are also quadratic in the generators as in the previous 
example. Expanding the generating superfieds as 

J(Z) = I(z) + 0-j=(G(z) - G(z)), G(Z) = \{G{z) + G(z)) + 26T(z), 

X+(Z) = X{z) + eV2Y(z), X-(Z) = X{z) + eV2Y(z), 

we obtain the generating fields as in [Oda89] . 
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